ON THE CENTER OF MASS OF ISOLATED SYSTEMS
WITH GENERAL ASYMPTOTICS

LAN-HSUAN HUANG

ABSTRACT. We propose a definition of center of mass for asymptot-
ically flat manifolds satisfying Regge-Teitelboim condition at infinity.
This definition has a coordinate-free expression and natural properties.
Furthermore, we prove that our definition is consistent both with the
one proposed by Corvino and Schoen and another by Huisken and Yau.
The main tool is a new density theorem for data satisfying the Regge-
Teitelboim condition.

1. INTRODUCTION

A 3-manifold M with a Riemannian metric g and a two-tensor K is called
a vacuum initial data set (M, g, K) if g and K satisfy the constraint equa-
tions

Rg_ |‘[(|3_}—I_"2 :Oa
divy(K) — dH =0, (1.1)

where R is the scalar curvature of M and H = T'ry(K) = g K;j. We say
(M, g, K) is asymptotically flat (AF) if it is a vacuum initial data set and
there exists a coordinate {z} outside a compact set, say Bpg,, in M such
that, for some ¢ € (1/2,1],

gij(x) = 51']' + hij(.%), hij = O(|l‘|_6) KU(ZL‘) = O(|J}‘_1_6)
gijk(@) = O(z| 170 Kiju(x) = O(lz[7>°)
gim(r) = O(|2|727°)  Kiym(z) = 0|2 %) (1.2)

and similarly for higher derivatives, up to the third derivatives on g and up
to the second derivatives on K. For AF manifolds, the ADM mass m is
defined by

1 .
-} g\
™ Yo (9030 = g185)v; doy
where {|z| = r} is the Euclidean sphere, v, is the unit outward normal vector
field with respect to the metric g, and doy is the volume form induced from
(M, g). We remark that if one replaces v, by the unit normal vector field vy
with respect to the Euclidean metric and do, by the volume form dog with
1
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respect to the induced metric from the Euclidean space, the limit is in the
same. Similarly, the remark holds for (1.4), (1.5) and (1.8).

For the case in which we are interested, we require asymptotic symmetry
on (M, g, K). We say that (M, g, K) is asymptotically flat satisfying Regge-
Teitelboim condition (AF-RT) if (M, g, K) is AF and g, K satisfy these
asymptotically even/odd conditions

g5 @) = O(la] ') K (2) = O(|a727?)
(95") p(@) = 0(l2[7*7%) (K" \(2) = Ol ™) (1.3)

and on higher derivatives, where f°%(x) = f(x) — f(—x) and f"(x) =
f(x) + f(—z), [RT74]. Notice that f°¢ and f¢’*" are only defined outside
Bp, in which the coordinates {z} are defined. It is proved by Corvino and
Schoen in [CS06] that AF-RT manifolds form a dense subset of AF manifolds
in some suitable weighted Sobolev spaces.

For (M, g, K) satisfying AF-RT, we propose an intrinsic definition of cen-
ter of mass' suggested by Richard Schoen,
1

1 .
Cr = l Rij — = Regij ) Yiyvid 1,23 (14
I 16mm b wlzr( iy ggw) ()Vg0g; « , 2, (1.4)

where R;; is the Ricci curvature of M and Y(,) = (|z[?6> — 22°a") a?gi is
a Euclidean conformal Killing vector field. We use the Einstein summation
convention and sum over repeated indices; though sometimes we employ
summation symbols for clarity. The definition is intrinsic because it is a flux
integral at infinity of the three-dimensional Einstein tensor contracted with
two vector fields Y(,) and vy, and Y, has a geometric meaning. Moreover,
the surface of integration can be defined more geometrically (proposition
3.1). If (M,g,K) is AF-RT, the limit converges. Note that the above ex-
pression is not defined when the ADM mass m is zero. However, the center
of mass can not be well-defined when m is zero because the positive mass
theorem says that M is actually the Euclidean space, if the scalar curvature

R, >0 [SYT79, SY81].

This intrinsic definition is motivated by a similar expression of the ADM

mass when Y, in definition (1.4) is replaced by {—2z* 8(21'}’ the radial di-

rection Euclidean conformal Killing vector field,

1 1 o
m = —— lim <Rij - Rggij) (—22")vydoy. (1.5)
|z|=r

167 r—o0 2

IThe intrinsic definition can be generalized to n-dimensional manifolds if we replace
the factor wﬁ by a suitable constant depending on n and w,, where w,, is the volume of
the unit ball in R™. Hence the following arguments work more generally for n-dimensional
manifolds, but for simplicity, we assume n = 3.
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The Euclidean conformal Killing vector fields {—2x° 822} and Y, generate

dilation and translation near infinity. A detailed discussion about these two
vector fields can be found in [CWO08]. Another motivation comes from the
spatial Schwarzschild metric

4
g m 2m  2mx-p 3m _3
g°(z) = 1+)5:1+—|— + + O(|x .
) ( 2|z — pl |z > 20z ()

If we replace the metric in (1.4) by ¢°, Cr is precisely the vector p which
indicates the center of the manifold. It is worth mentioning that although
in the Schwarzschild case p is not a point in the manifold, one can develop
polar coordinates using concentric spheres centered at p.

Other notions of center of mass have been proposed. Huisken and Yau
[HY96] defined the center of mass for (M, g, K') which are spherically asymp-
totically flat (SAF), i.e. (M, g, K) is AF and

2m
gij(x) = (1 + |$|> (Sij + Dij (16)
pij(x) = O] 72),0%pij(x) = O(|z|>71°)), 1< o] <4.

They proved the existence and uniqueness of the constant mean curvature
foliation { M, } for SAF manifolds, where the mean curvature of M, is (2/r)—
(4m/r?)+0O(r=3). They showed that the geometric center defined as follows
converges:

z%do
CIC;Y = hm fMT 0

—— =1,2,3 1.7
e (L)

where z is the position vector of M, in M. This definition is also motivated
by the spatial Schwarzschild manifold in which the constant mean curvature
foliation is {|xr — p| = r}. Another definition by Corvino and Schoen in
[CS06] is defined for AF-RT manifolds by

167mm r—oo

1 : ]
Cég=—— lim (/ | 2%(9iji — Giij)vydoyg
T|=r

_/l_ (hiaV; - hiil/g) dag> y (1.8)

where we recall that h;; = g;; — 0i; , see also [B()S?, BLPO03]. One applica-
tion of this definition in [CS06] is the gluing theorem which allows Corvino
and Schoen to approximate AF manifolds by solutions which agree with
the original data inside a given region and are identical to a suitable Kerr
solution outside a compact set. Their definition is a local-coordinate expres-
sion which is natural from the Hamiltonian formulation and convenient for
calculation purposes, but may obscure interesting geometry.



4 LAN-HSUAN HUANG

The main purpose of this paper is to prove that the intrinsic definition
(1.4) is equivalent to the Corvino—Schoen definition (1.8). Moreover, for SAF
manifolds in which the unique foliation of constant mean curvature surfaces
exists, our intrinsic definition is equal to the Huisken—Yau definition (1.7).
In other words, the intrinsic definition is a coordinate-free expression of the
Corvino—Schoen definition and it generalizes the Huisken—Yau definition.

Theorem 1. Assume (M,g,K) is AF-RT (1.3). Then

Cr = Ccs.
Theorem 2. Assume (M,g,K) is SAF (1.6). Then
Cr =Chy.

We would like to make a note that Corvino and Wu [CWO08] recently have
a result about the equivalence of these definitions under the assumption that
the metric g is conformally flat at infinity with vanishing scalar curvature. In
that special case, they are able to derive some explicit estimates. However,
it seems that their approach cannot be generalized to AF-RT metrics.

This article is organized as follows. In section 3, we prove a density
theorem (theorem 2.2) for AF-RT manifolds. The theorem is crucial for
most of the arguments in the paper and may be of independent interest. In
section 4, we discuss natural properties of the intrinsic definition. Theorem
1 and Theorem 2 are proved in sections 5 and 6, respectively.

2. THE DENSITY THEOREM

Let (M, g, K) be a vacuum initial data set. We introduce the momentum
tensor

7 = KV — Trg(K)gij.
The constraint equations (1.1) then take the form
1
R, + §(Trg7r)2 - |7r|3 =0,
divy(m) =0, (2.1)

and we define
1 .
O(g,m) = <Rg + §(T7‘g7r)2 — |7T|§, leg(Tr)> .

In the case that (M, g, ) is AF-RT, Corvino and Schoen [CS06] prove that
AF manifolds can be approximated by AF-RT manifolds in some weighted
Sobolev space. Moreover, instead of requiring smooth solutions to the con-
straint equations (2.1), their theorem works for solutions with weak regu-
larity. Before we state the theorem, we need the following definitions.
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Definition 2.1 (Linear and Angular Momentum). The linear momentum
(P1, Py, P3) and the angular momentum (Jy, Jo, J3) are defined as follows.

1 .
P = li i d
i 87 TEEO alr TijVg Q0g,
1 .
— : 7] Lk
Jo = g A | Tk s G0

where Z ) give the rotation fields in R3, for example Zy = xQ% — :US%.

Remark. The linear momentum is well-defined for AF manifolds and the
angular momentum is well-defined for AF-RT manifolds.

Definition 2.2 (Weighted Sobolev Spaces). For a non-negative integer k,
a non-negative real number p, and a Teal number §, we say f € W’ff(M) if

1

P

p
1 Flyeaary = /MZODaf‘pIaIM) o, | <o

|| <k
where « is a multi-index and p is a continuous function with p = |z| on
M \ Bg,.
When p = oo,

Hf”WELsOO(M) == Z €SS S]l\]}) ‘Daf’p‘aH'g

laf<k

Definition 2.3 (Harmonic Asymptotics). (M, g, ) is said to have harmonic
asymptotics if (M, g,m) is AF and

g = uts, T = u2(£5X) (2.2)

outside a compact set for some u, X tending to 1,0 respectively, where for
any metric g, L4X is the operator associated to the Lie derivative Lxg
defined by

Ly X = Lxg — divg(X)g.

By the constraint equations (2.1), v and X in definition 2.3 satisfy the
following equations outside the compact set,

1
8Asu = ( —|Ls X + §(Tr5(£5X))2)ua

AsXt + 4u_1uj (ﬁéX);" - 20" Trs(£5X) = 0,

where u; = u! = g—; Asymptotic flatness requires u, X tend to 1,0, re-

spectively, at some decay rate. Using the decay conditions on u and X, we
have Asu = O(|z|7272%) and AsX; = O(|z|272%). As shown in [B86], the
asymptotic behavior implies that outside a compact set,

. bt
w=14+ f‘?' +O(z| %), Xi= Eh O(|z|7179), (2.3)
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for some constants a and b’. Note that this clearly implies that (M, g,7)
is AF-RT. Furthermore, if (M, g, 7) is AF-RT, % and (X%)°% satisfy equa-
tions with better decay: Asu®® = O(|z|~472°) and As(X?)°% = O(|z|~4=29).
Hence

c-x , diy @ o
ul(a) = [ + 012l 7). (X)) = =i + Ol >7),
odd(,y _ €T\ _ (|39 iyodd (,\ _ deiy -z — O(lz]-39
(v |$|3)’k_o<| o (oo - 22 >,k O(ls] ),

(2.4)

for some vectors ¢, d;) which are quantities corresponding to the center of
mass and angular momentum of (g, 7). Since we assume that g and K satisfy
the pointwise regularity, the above identities hold pointwisely. However, we
can generalize the above discussions to the setting of the weighted Sobolev
spaces and have more general results as follows.

Theorem 2.1. [CS06, Theorem 1] Let (gij—0;, mij) € W>P(M)xW'P_ (M)
be a vacuum initial data set, where § € (%, 1) and p > % Given any € > 0,

there exist ko > 0 and a sequence of solutions (g, Tx) with harmonic asymp-
totics satisfying (2.2), (2.3) so that

lg — gk”wfg’(]\/[) <e |m- ﬁkHWin—a(M) <e, fork>ko.

Moreover, the mass and the linear momentum of (gi, ) are within € of
those of (g, ™).

The theorem says that the solutions with harmonic asymptotics (2.2)
are dense among general solutions. More remarkably, the mass and the
linear momentum which can be explicitly expressed for solutions with har-
monic asymptotics converge to the original initial data set in these weighted
Sobolev spaces. However, in the above theorem the center of mass does not
seem to converge, neither is the center of mass C; defined generally for AF
manifolds. Therefore, we would like to modify their theorem and prove, in
some weighted Sobolev space, solutions with harmonic asymptotics form a
dense subset inside AF-RT solutions so that the centers of mass and the
angular momentum converge. The precise statement is as follows:

Theorem 2.2 (Density Theorem). Let (9—d,7) € WE’;(M) xWi’fﬂ;(M) be
a vacuum initial data set and (g°%, 7even) € Wf’fié(M\BRO) X W}QI’?&(M\
Bg,), where § € (3,1) and p > 3. Given any € > 0 and & € (0,6), there
exist R, ko = ko(R), and a sequence of solutions (gk, ) with harmonic
asymptotics satisfying (2.2), (2.83), (2.4) so that (gi,7r) is within an e-
neighborhood of (g, ) in the WP (M) x W'P_ (M) norm and

<6

—odd —even
Hgk ‘|W371?’760(M\BR) ”ﬂ'k ”W}QP,(;O(M\BR) <, for k> ko.
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Moreover, the mass, the linear momentum, the center of mass, and the
angular momentum of (gx, Tx) are within € of those of (g, ).

We first briefly describe Corvino and Schoen’s construction of the approx-
imating solutions (g, 7).

Sketch of the proof of Theorem 2.1. Let (g, 7)) be 2-tensors cut off from
the original solutions (g, 7), g = kg + (1 — &k)0 = & + &ph, 7 = i where
& is a smooth cut-off function

1 when |z| < k
&k(x) =< between 0 and 1 when k < |z| < 2k
0 when |z| > 2k.

& is chosen so that |D&y| < ¢/k and |D?¢,| < c¢/k? for some constant c
independent of k. Then we let

To simplify notation, we denote L, by L, and we also drop the subindex
k when it is clear from context. In order to find u near 1 and X near 0
at infinity so that (g, 7) is a vacuum initial data set, we need to solve the
following systems for u and X from the constraint equations (2.1)

1
i=ud ( — 8Azu + (R(g) — A+ LX[5 + 5 (Tr(7 + LX))Q)U> =0
(divg(m)), = u? <(dng(ﬁ' + LX), + 4u” g (74 LX)
—2u” ; Trg (7 + £X)> =0, i=1,2,3. (2.5

Consider the map T': (1, 0)+ W P (M)x WP (M) — WP _(M)xW°?_ (M)
defined by T'(u, X) = (fi,divg(7)). It is known that DT{; o) is a Fredholm
operator of index 0. For the Fredholm operator of index 0, the operator is
injective if and only it is surjective. However, it is not clear whether DTy o)
is surjective. Corvino and Schoen enlarge the domain and utilize initial data
sets of the form (ug + h,u?(# + LX) + ¢) with

@ (u'g + h,u? (7 + LX) +q) = (0,0),

where h and ¢ are symmetric (0,2)-tensors with compact supports. Then
they prove that the operator D®; z) maps surjectively onto Wi’g_ s(M) x
ng’ié(M) for p>1and d € (0,1).
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Since D1{; ) is Fredholm of index 0, we have
W2P(M) x W>P(M) = Ker (DT 0)) ® W,
WP (M) x W2 (M) = Range (DT 9)) ® span{Vi,..., Vy}

where W7 is an N-dimensional linear subspace and {Vi,---,Vy} is a basis
for the cokernel of DT(; ). Because D® z) is surjective, we can choose

{(hl,ql),...,(hN,qN)} so that D® zy(hi,q;)) = V;. Supports of those

(hi, q;) may not be compact, but there exist (h;, g;) with compact supports

close enough to (h;, ¢;) so that Vi = D® ;7 (hi, gi) still span a complement-
ing subspace for Range (DT(l,o))-

Let Wy = span{(ﬁl,iﬁ), e (?LN, q~N)} W = Wy x W5 is a Banach space
inside W*P(M) x W*P(M) x W*P(M) x W'P_(M). Define the map T
from ((1,0), (0,0)) + W1 x Wa to WP (M) x WP (M) by

T((u,X), (h,q)) = ®(u'g + h,u*(7 + LX) + q).

DT((1’0)7(070)) is an isomorphism by construction. Hence the inverse func-
tion theorem asserts that T is an isomorphism from a fixed (independent
of k) neighborhood of ((1,0), (0,0)) to a fixed neighborhood of ®(g, 7). Be-
cause (0,0) is contained in the image when k large, there exists a unique
((u, X), (h,q)) within that fixed neighborhood of ((1,0),(0,0)) such that
® (u'g + h,u*(7 + LX) + q) = (0,0) for k large. O

Note that the supports of h, ¢ in the proof may not be uniformly bounded
in k, but it is important in the proof of Theorem 2.2 that h, ¢ have compact
supports uniformly bounded in k. Therefore, we need to carefully choose
the cokernel of DTy o for k large. This choice is described by the following
lemma.

Lemma 2.4. V and W are Banach spaces. Assume that S : V. — W is
a sequence of Fredholm operators and Sy converges (in the operator norm)
to some Fredholm operator S'. If W = RangeS’ @ W' for some finitely
dimensional closed subspace W', we can choose the cokernel of Sy, inside the
cokernel W' of S" for some Wy, C W', for k large.

Proof. Since S’ is Fredholm, there exists V' such that V = KerS' & V.
Consider for any bounded linear operator S : V. — W the map
gV eaW —W

given by 7g(v, w) = Sv+w. Then 7g, is an isomorphism for k large since g/
is an isomorphism by construction and isomorphism is an open condition in
the space of linear operators. We then have

W= Sp(V)a W
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Therefore, for any v € V, S(v) can be decomposed uniquely into Si(v') +
Si(v) — Sk (v') for some v/ € V' and Si(v) — Sk(v') € W’. Hence v can be
decomposed uniquely into v = v' + (v — ') as well, where Si(v —v') € W'.
Let Uy = {u € V : Si(u) € W'}, It is easy to see that Uy is a closed space
in V and

V=V @U.
Note that KerS} is a finite dimensional subspace in Uy, so we can write
V=V KerS; & Z;

for some closed subspace Zp C Uy. Sk(Zy) is closed in W', so there is
Wi, € W’ such that Si(Z) & Wi = W’ and hence

W = Sk(V’) ©® Sk(Zk) @ Wi = RangeSy & Wy.
U

Corollary 2.5. The supports of h and q in the proof of Theorem 2.1 can be
chosen to be uniformly bounded for k large.

Next, the key lemma (Lemma 2.8) used to prove Theorem 2.2 is an a
priori type estimate for 2nd order elliptic equations Pv = f which have a
symmetric property at infinity. Roughly speaking, if we know P and f are
even (or odd, respectively) then we hope solutions v will be even (or odd,
respectively) as well. However, this is not true generally because boundary
values can affect solutions dramatically. For example, consider two harmonic
functions w1, ug in R3\ Bg,,

C T

ulz—andugzw.

|z
Both |uj| and |ug| tend to zero at infinity. However, u; is even and wg is
odd. They are solutions for different boundary values on the inner boundary.
Nevertheless, in the case that the boundary value is very small, we will show
the symmetry of the solutions is not affected much in the region away from
the boundary. Before we state the lemma, we will give some definitions of
the operators we consider. This class of operators is discussed in detail in
[B86].

Definition 2.6. Let P defined as Pu = aij(x)ﬁfju + 0% (2)0u + c(x)u be an
elliptic operator.

(1) P is said to be asymptotic (at rate 7) to an elliptic operator P,
Pu = 5ij(x)87;2ju + b (2)0;u + ¢(x)u, if there exist ¢ € (3,00), T >0,
and a constant C' such that over the region M \ Bp,,

0% =@y + 16 = Blyog -+ lle = Elyogn < C.

—2—7
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(2) P°4 js the odd part of the operator, defined on M \ Bgr, by
Podd — (aij)odda% + (bi)evenai + Codd‘
Remark. We assume that P : WP — Wf;ﬁg fors=2o0r3,1<p<qand
a non-integer a > 0, and define
”PHop;M\BR = SUP{HPwHWj;Ef(M) : HwHW(f’p(M) = 1,suppw C M \ Bgr}.
From Definition 2.6, we have
[Pw = Pwllyys-2p ) <lla” - Nij”WLq(M\BR)

| —0

weionsg) 1€ Elhwog gy
as R — oo. Therefore, ||P — ﬁHOp;M\BR —0as R— 0.
Deﬁnition 2.7. We say that a sequence of elliptic_operators Py, Pyu =

)( )8 A+ b )( x)Oiu + () (T)u, is asymptotic to P uniformly if given e,
there exist R and ko such that

Haz —a' leq (M\Bp) + HbZ bleEvﬂ (M\Bp)
+ ||C(k) —c|| Wo4/2 M\ Bp) <€ for all k > ky.

Lemma 2.8. Let As be the Euclidean Laplacian in R3. Let {P.} be a
sequence of 2nd order elliptic operators asymptotic to Ags uniformly, and for
s=2o0r3,1<p<q, and a non-integer number a > 0,

P : WS (M) — W5, 22 (M).
Assume {vp} € WYP(M), {fp} € W32P(M) are sequences of functions.

We also assume (vg)°% € WP (M \ Bg,), ||(vk)0ddHW P(M\Bg,) — 0 as

k — 0o, and (vg)°% satisfy Py(vy,)°% = f.. Then there emst R large and kg
large such that

1(e) ™= i Bar) < €l frlly- 203\ T € JOr all k> ko,

where ¢ = C(S7p7 a, ”Pk_A(SHOp;M\BRO):R = R(87p7a7 HP’C_A(SHO}?;M\BRO)7I§O =
ko(R).

Proof. Because (vj,)°% is not a global function, we multiply it by a smooth
function ¢,
0 when |z| < R
¢(x) = between 0 and 1  when R < |z| < 2R
1 when |z| > 2R,

where ¢ satisfies |D¢| < ¢/R, |D?*¢| < ¢/ R? for some constant ¢ independent
of R, where the real number R will be chosen later. We have ¢(v;)°% €
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WP (M) and

g 52
Py (p(v)™) =g fi, + aﬂ;) (i) (vg) ™

oxtdxi
iP5 3(Z) 8(Uk)0dd . 6¢ dd
1) 7 o]
+ 2a(k) ozt  OxJ b(k) <6:Ei ) (k)

By [B86, Theorem 1.7], there exists a constant ¢; = ¢1(s,p, a) such that

[EC R

—1—a

) < ellAs(@w0)™ )y 2000,

We then consider the difference between As and Py by viewing them as the
operators from Wf’ffa(M ) to nggf (M). By the remark after Definition
2.6, the operator norm || Py — As||op:an\ B, tends to zero as R — oo uniformly
in k because Py is asymptotic to Ag uniformly. Therefore,

||¢(Uk)0dd||wi’ffa(M)
< a/(Pe — Aé)(ﬁb(vk)Odd)”WS}f(M) + 01||Pk(¢(vk)0dd)”ng}f(M)
< c1l|Pe = Dsllopian B 19(0r) s ar) + Cl||Pk(¢(vk)0dd)||ng}5(M)-

Choose R such that c1[|Py — Asllopa\ By < 3 and absorb that term to the
left hand side. Then

16000 =gy <261l PO o200
SC?kaHngEf(M\BR) + 02”(D2¢)(Uk)0dd”wj§}5(,43)
+ D6 D) o0y + 2l DAY 00y s 11
<eall fillw=s20 05 + 3l s 1004
— [y dd
where Ap = {2 : R < |z| < 2R}. Because ||(vg)° HWf;LP(M\BRO) — 0 as
k — oo, for e = 1/(2R), there exists kg such that for all k& > kg
1™ ey < 2B yeorn s < 2Re = 1.
As a result, we have the Schauder-type estimate

H(Uk)OddHWf’f_a(M\QR) < C2kaHngz’f(M\BR) + ¢3 for all k > ko.

Proof of Theorem 2.2.

1. Estimates on 1% and (X')°%. We construct (g, 7x) as in Theorem 2.1
in the form
G = Updr + by, T = up(Fr + Loy Xi) + .

Recall that k is the radius of which we cut off the original data. Again, we
drop the subindex k& when it is clear from context. By Theorem 2.1, u and
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X exist and satisfy the system of the constraint equations (2.5). From the
constraint equation (2.5) for w in M \ Bp,, we have

1 . . 1 . 2
0 = Agu—g(R(g)—|7T—|—£X|§+§(Trg7r+£X) )u

A1 82 ~ a ~1q = 8
= 45 i;ijr\/g 1((9 igj\@)i

< (R@) — o+ £X 4 2 (T 4 £))

= Pu.

On M \ Bpg,, u® satisfies the following equation,
P = (Pu)(z) = (Pru)(—z) — PP (u(-x))
1 1 odd
= 5 (R@ 17+ £XB 4 (T4 £3)) a0
g . 52
(59 () — ¥ (— _
(59(2) — 49 (~2) 5o u(—2)

- (Vi@ (5@ Viw)
Vi o) (Gt Vi) ) gru-a)

= fi+ fe,
where
1 1 odd
fi=g <—!v“r + LX[G+ 5 Trg (7 + LX )) u(—xz), fo=DPu - f.

f1 contains the terms involving X. We will use a bootstrap argument to
improve its decay rate. fo contains the terms which have expected good
decay rate already, such as ¢°%, 7¢ve". A direct calculation tells us

<eg, <ec.

HleWig),z&(M\BRO) ||f2”W1’§L§(M\BR0)

We emphasize that through out this proof, ¢ is a constant independent of k.
From the constraint equations (2.5) for X, we have
(divg(L£X)), + divy ()i + 4u” Lok, (7 + LX),
—2u " Trg (7 + LX) = 0.
If we compute the first term in local coordinates, we have
(divg(£X)), = (AgX), + Ricyp X*

02 ) . 3
_gklaxka - X — M v 5 (XPT Y Gpg) — 9 XPTY Thir + Rici X",
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We define P, X; = g™ 3 ka ——=—7X; and then P, X; = F};, where F; contains the
remainder terms from above identities,

0
~kl
—leg(Tl’)i — du~tgRIu; (7 - LX), + 2u™ u; Try (7 + LX),

Then we have
odd odd Kl 0? Kl 0”
Py (X3)™ = (1) — <9 (ﬂf)m -3g (—QC)M) Xi(—x)
= a; + b;,

E; (XpFlngq) glepF?pF};iqu — Ricy X"

where

a; = — (divg (7)), b = Py (X3)*™ — a,,
where b; contains u°% and X°% and we will bootstrap to improve its decay
rate. A straightforward calculation gives us

<cg, < c.

HGZHWOP (M\BR ) ||bZHWE’2p_25(M\BR0) -

From the above, we derive the system
= f1+ fo,
PQ(XZ‘)Odd =a;+0b, 1=1,2,3.
We apply Lemma 2.8 (with a = 20 — 1 < §) for each equation because P
and P, are obviously asymptotic to Ay and

dd dd
) w20 5,y = 1) Nwog v,y < 2w = Uhzan = 0

(X )Odd”w P(M\Bg,) S H(Xz’)zdduwfg’(M\BRo) < QH(Xi)kwa»;(M) —0 ask — oo
Because —1 — a = 24, by Lemma 2.8, there exist R; and k; such that for all
k> kq,

<c

dd dd
H(’U,k)o HWE’;;(M\BRl)_ ’ H(XZ)Z HWE’;&(M\BRl)SC-

Once we derive these estimates, the decay rates for fi and b; are improved.
The bootstrap argument allows us to conclude that for some Ry > Ry,
k2 > kla

H(uk)Oddnwile_é(M\BRZ) <c, ”(Xi)%ddnwfvlp_é(]\/[\BRQ) < cfor all k& > ks.
Therefore, for any given € and dg € (0,9), there exist R and ko so that for
all k > ko,

)™ sy | sy S CRO™ <6 (X <e

lwes | nvsr) <

Furthermore, by Corollary 2.5, the supports of (hg, gx) are uniformly bounded
in k. Hence we have
”gk HW‘“’ 5 (M\BR) >

Similarly, we have the estimate for 7.
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2. Convergence of the Center of Mass and the Angular Momentum. To
prove the center of mass and the angular momentum of (g, 7) converge to
those of (g, 7), the same idea of proving convergence of the mass and the
linear momentum in [CS06] is employed.

(0% ol = a 1 ; )
ICF ) = €T @) < |CF (o) = / - (Rij — §Rggz‘j)Y(a)V§ doy
1 i N
! jo|=r (Rij = 5 R99ii) Yoy dog - e (Rij = 5R9:5)Y(ay¥g dog
. I TN
+|Cr(9) - /x|:r (Rij — §Rgij)Y(a)V§, dog| .

The first and the third terms can be written as integrals over {|z| > r} by
the divergence theorem. We will also use the fact that {|z| > r} is centrically

symmetric, i.e. z, —x € {|z| > r}, to estimate those integrals over {|z| > r}.
For the first integral,

o 1 i i
Cr(g) — /| _ (Rij - iRygij)Y(a)V; dog
= o 22 (g — 51)(Ryj — LR
= o 2Ry — 22%(g” — 6)( i T 5 a9i7)
1 i :
+(Rij — 2Rggij)3f(a)rizgl]} dvolg. (2.6)

Let H = {x € M\ B, : #* > 0} be the half space. Then we can rewrite the
above integral as follows:

/H z®(Rg™\/g + Ry(—2)\/g°™) dx

— /H 2xa(gij)0dd(Rij - %Rggij)\/gdx

- [ e - 00 | (et - St - SRy v
+(Rij — ;Rggz’j)\/?dd} da

o [ o s i

+ /H Vi, (Rij(—2) - %Rg<—x>gij<—x>) (T} Vg + Ty () v5*) ] da.

We substitute R, in the first integral by using the constraint equation Ry =
—% (TI‘g7T)2 + |7T|§. We then bound above integrals symbolically and use the
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Holder inequality:
er [ el (el + [ Plg™ ] + 1971 D%] + lg = 311D ) o
+a /H 22 (1D2(g°™)1Dg| + |D?9| | D(g"*)| + |D%g||Dgllg**| ) da
2 dd
< eIy iy + 71200 g™ ly2

g™y Nglhyze )™, (27)

where ¢; and co are constants independent of g, m, and r. The weighted
Sobolev norms above are over the region {|z| > r}. Similarly,

(= 1 i j
Cr(g) — /| _ (Rij — iRgz‘j)}/(a)Vé dog

< cQ(Hﬁe“e”\\wigfgHﬂ!wiffé HIFIG e 15"y

5 2o Nl )r' 2. (2.8)

For the surface integral, we can assume k > r (recall k is the radius of
which we cut off the original data) and then g = u*g on {|z| < 2r}. Hence
we have

1 . I N
/l— (Rij - §Rggz‘j)Y(a)l/g] dog — / _ (RZ-]- — §Rgij)Y(a)Vé dog

_ 1 — i .
= / - ((Rij — uQRij) — i(Rg — U6R)gij>Y(a)V; dO'g

1 P
=/|_ (L= w)Riy = 50 = u) Rygiy ) Y doy

_ 1 _ P
+ /M_T <u2(Rij — Rij) — §u6(Rg — R)gz‘j>Y(a)Vé doy
< . -6 2 245,.2-26
< comax (= )Irgg (1D%glla )

+ ¢ max |D2(g - g)’|x\2+6r2_6.
=r

|z

Recall the Sobolev inequality for weighted Sobolev spaces (see [B86]). For
n —sp < 0 where n = dimM = 3 , we have ||wHWO,500(M) < cllwllwsran-
Therefore, for p > 3,

max |D?(g — g)||z|>T° < max |D?(g — g)||=|>T°
max |D*(g — g)l|=[" < max [D%(g — gl

—ID2(g — 7 2(g—7
= D9 = Dlwore ans,y < <D= Dlwre  ons,)

<clg - g”Wf‘f(M\Br)'
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Similarly, using the Sobolev inequality on the other term, we derive

1 ’L . — 1 = _ ’L y
/| (Rij = 5R49i3) YV dog - / _ (Rij = 5R945) Yoy Vg dog
< C7<”1 - UHWE’(?(M\BT) + Hg - gHWEvf(M\BTDTZiJ- (2.9)

To conclude the argument, for given ¢, let R; be a constant so that the right

hand side of (2.7) is bounded by €/16. For this €, there exist Ry and k > kg so

that Hl_ukHng’(M)v Hg_ngng’(M)a H7r_7_TkHW}1{6(M)a H?‘TE“”HWEJ(M\BRQ)
~odd . .

and | gy HWE’f’,(;(M\BRQ) are small, for all & > kg. Using estimates (2.7),

(2.8), and (2.9), we can conclude that, for all k£ > ko,

ICT(9) = CF(gr)| <
To prove that angular momentum of g is close to that of g, we notice that

Jo — /| _ ik Z{oy vy dog = / divg (mjxZ],,)) dvol

|z >
9 )
:/|> ijgkl<@z(a)+zzg)rznl> dVOlg

= / ijwzga) + F]k(gkl — 5kl)@Z(]a) + W]kgklZ(a)Pznl dVO].g.

The first term is zero since m;;, is a symmetric tensor and Z is a Killing
vector field. The other terms after integration are bounded by Cr!'=29. Then
the rest of the argument works the same as the case of center of mass. [

In the proof of convergence of the center of mass and the angular momen-
tum, we showed that the limits at infinity can be approximated by surface
integrals at the finite radius and the difference for surface integrals at the fi-
nite radius is arbitrarily small. Since we will use this argument several times
through this paper, we formulate the argument into the following lemma.

Lemma 2.9. Let F(g) be a vector field depending on z,g;j, Dgij, D*gi;
smoothly defined in M \ Bpr,. Let a,b > 0, and let v be the radius. As-
sume that the following estimates hold for k > r, and for g, g satisfying the
assumptions in Theorem 2.2 (Density Theorem).
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(1)
: even
'/|er divgF'(g) dvolg| < C(||7T HWi’f_&(M\Br)HWHWi’lp_(g(M\Br)
2 dd
+ ”7T|| 1P (M\B,) ”90 HWE’IP_(;(M\Br)
dd 2 -
+ Hgo HWE’{’_(S(M\BT)HQ - 5HWE’§’(M\BT) +lg - 5HWE’§(M\BT.)>T “
(2.10)
(2)
‘ / F(g)-vydog — / F(gk) - vg, dog,
|z|=r |z|=r
< c(I = ulhysgana, +l9-hsy ana) ) @10
Then given € > 0, there exists ko such that
lim F(g)-vydog = lim F(gx) - v, dog, +¢€,  for all k > ko.
r250 g g d0g = 1M 5l G, AT gy,

Remark. If we replace the normal vectors and the volume forms of the
integrals in the above assumptions by those with respect to the induced metric

in the Fuclidean space, the analogous result is the following: assume the

following estimates hold

(1)
'/|> divsF(g) dvoly §C<”7Tevmfwlp (M\By) H7T”W“° s(M\Br)
+ 71, Lo By Mg llze ans,)
odd 2 -
+1lg ng,f_a(M\Br)Hg—6HW3,;(M\BT>+H9—5”wz§<M\Br>>T ’
(2.12)
(2)
\/lF@»wm—/F@»mwo
_ b
< c(||1 = ullyarang,) + 9 - ngWg,lp_é(M\BTQr : (2.13)

Then given € > 0, there exists ko such that

lim F(g) -vpdop = lim F(gr) -vodog + €,  for all k > k.

r—00 |$‘:T T—00 ‘LL":T’
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3. PROPERTIES OF THE INTRINSICS DEFINITION

Bartnik [B86, Section 4] proved that the ADM mass is a geometric in-
variant and satisfies natural properties. Along the same lines , we will show
that the intrinsic definition of center of mass (1.4) is well-defined and has
corresponding change of coordinate under the transformation at infinity. We
will first show that the intrinsic definition is robust in the sense that we can
integrate over a general class of surfaces, and those integrals converge to the
same vector.

Proposition 3.1. Suppose (M, g, K) is AF-RT (1.3). Let {Dy}2, C M
be closed sets such that the sets Sy, = 0D) are connected two-dimensional
C'-surfaces without boundary which satisfy

rp = inf{|z|:x € Sy} — 00 as k — o0, (3.1)
r; 2area(Sy) is bounded as k — oo, (3.2)
vol{Dy \ D, } = o(ry ),

where D, = Dy N {—=Dy} and 3~ is a number less than 3 .
(3.3)

Then the center of mass defined by

L 1 .
O = Tom i g, (Rij = 3 Re9id) Y(oyrg dog,  a=1,2,3

is independent of the sequence {Sk}.

Remark. The first two conditions (3.1), (3.2) on Sy, are the conditions consid-
ered by Bartnik [B86] to ensure the ADM mass is well-defined. The volume
growth condition (3.3) allows us to consider a general class of surfaces which
are roughly symmetric; that is, the non-symmetric region Dy \ D, of Dy, has
the volume growth slightly less than the volume growth of arbitrary regions
in M.

Proof. As in (2.6), the divergence theorem gives us

1 P 1 i
/Sk (Rij — §Rggij)y(a)ysj1 dog = / (Rij — §Rggij)y(a)ysjz dog

S1

- - 1 1 )
+ / 2%Ry + 22%(9” — 6Y) (Rij — 5 Regij) + (Rij + 5 Rygij) Yy Thj dvoly.
Di\Dy 2 2

We can decompose the integral over Dy \ Dy = {Dy \ D; } U{D, \ D{ } U
{D} \ D1} into three integrals, where D} = D; U{—D;}. The first integral
over {Dy\ D, } converges because of the volume growth condition (3.3). The

second integral over {D, \ D} converges because the region is centrically
symmetric and the initial data set is AF-RT. After taking limits, the right
hand side has a limit independent of the the sequence {Si}.
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O

Assume that {z} and {y} are two AF coordinates on (M\Bg,, g). Assume
that F' is the transition function between these two coordinates and y =
F(x). It is shown that the only possible coordinate changes for AF manifolds
at infinity are rotation and translation [B86, Corollary 3.2]. More precisely,
there is a rigid motion of R3, ((9;-, a) € O(3,R) x R so that

|F(z) — (O +a)| € WP (R®\ Bg,).

Similarly, if we use the same argument in that corollary for AF-RT mani-
folds, we derive
Fo¥(z) € W2°(R?\ Bgy).

Because the center of mass is a quantity depending on the coordinates,
we now show that centers of mass in {z} and {y} coordinates have the
corresponding translation and rotation. An interesting phenomenon is that
compared to rotation, translation is a more subtle rigid motion. If the
translation a is not zero, Density Theorem (Theorem 2.2) is involved in the
proof.

Theorem 3.1. Let {z} and {y} be two distinct AF-RT (1.3) coordinates
for (M, g, K) satisfying the change of coordinates as we described above.
Assume that Cr, and Cy, are the centers of mass defined by the intrinsic
definition (1.4) in these two coordinates, then

Cry=0Cr,+a.

Proof. The metric g in the cotangent spaces induced from {z} and {y} can
be written locally as

ds®> = gkl(x)da:kda:l = §ij(y)dyidyj
= Gij (F(m))d(@éxk + ai)d(O{xl + aj) + O(]ac]_l).

Expanding the above terms, we get

g () = Gij (F(2)) 0,07 + e1(x)
where the error term e; € Wiloo and e‘l’dd € Wi’;o. Then a straightforward
calculation gives us

D% gri _ %Gy

ox™mox™  JyPIyl

OLOJOP O + ey,
and the formulas for Ricci and scalar curvatures,
Ry (z) = Rij(F(2)) 0107 + e3(x)
R(z) = R(F(z)) + es(z)
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where e,(r) € O(|z|~*) and egdd(x) = O(|z|7°) for ¢ = 2,3, 4. To calculate
Cr,y, Proposition 3.1 allows us to integrate over {|y —a| =1},

1 . ~ 1~ " . . yj — aj
o — ] R;i ZR - 2500 _ o api don.
CI,y 167m TlIIl ly—al—r ( ](y) 9 (y)g](y)) (|y| vy ) |y a| o]

We would like to replace y = F'(x) in the above identity. First we have

ly|26% — 2y%yt = (|x\2 - 205z ﬁOi k)éo‘i + 20z - ad™
—2(a®Opa" + 0%a’a’) + O(1),
J_ g O 4!
Y < = L + €5,
ly —qf ||

where e € WE’{” and g4 ¢ WE’;O Using the facts that éij(F), R(F) and
g(F') are asymptotically even

~ 1~ . T —
Rij(y) — =R()3i;(v) ) ( ly]*6*" — 2y’ do
[ (Rat) = 5 Rwas0) (i )=t doy

_ /| (Rl-j(F(a:))—iR(F(x))ﬁij(F(x)D(|:c|25°“ 2052°0}, k) Om do

J .l

+ /|x:T (Ezy (F(iﬂ)) - iﬁ(F(:c))gm (F(g;))) ( _ QCLaOéxk (’)|;|m > do
+ /|:E:r Ry (F(z)) — %ﬁ(F(a:))@] (F(x))> (2(990 Cas® — 2ngﬁai)> (TiTl o
+0(r ).

We claim that the first integral I; converges to 167rm(9g‘Cﬁ .» the second
integral Is converges to 16mma®, and the third integral Is converges to 0.

I :»/|x|:r <§z‘j(F(1:)) —%E(F(x))ﬁij( (z )))(’)’(’)J <‘x’ 07 — 20847 k)ldao

]

= 0F /Ir:r (Rkl(x) - %Rg(!ﬂ)le(ﬂj)) (|$‘255k . 2xﬁxk)|zl‘dao oY

= 16mmO5CY, +O(r™Y).
By using the formula for ADM mass (1.5),

2t

I = a° /mr (i) - %Rg(:v)gkl(:r)) (-2 H> doo+ O(r™)

= 16mma® + O(r ).
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To see that I3 converges to 0, we simplify the expression by letting b = OTq,
and then

1 !
I3 = 0F /| _ (Rkl(x) - iRg(a:)gkl(w)) (2x - boPk — 2$ﬁbk> Tl doy.

By the fact that (2x - boBk — Qmﬁbk) .2 0, the scalar curvature term

m p—
vanishes after taking a limit, so we only need to prove

l
03 / | Ry () (23: - boPk — 2xﬁbk)|%dao =0(@r™).

It is sufficient to prove

Ry (x) (230 - boPk — 2£Lﬂbk>l/f] dog = O(r™ ).

|z|=r

A straightforward calculation shows this identity holds if the metric is con-
formally flat outside a compact set, so we would like to approximate g by
g which have harmonic asymptotics, and then apply Lemma 2.9. We need
to check if conditions (2.10) and (2.11) hold. Using the divergence theorem,
we have

/ | div, [Rkl(x) (2z - boPF — Qxﬁbk)} dvol,
x|>r

:/ | (divgRy) (22 - b6°% — 22°b%) + Ry (26'6°% — 26°16%) dvol,
x|>r
- sum to =0

+ / Ry (22 - 6% — 22°0%) g™ dvol,,.
x| >r

Using the second Bianchi identity to the first term on the right hand side,
symbolically, the above integral is bounded by

/| | divg [Rkl(a:) (2z - boPF — Qxﬁbk)} dvol,
x|>r

2 1-26
< C<H7T|’W}£S(M\Br) Hﬂeven”W};é(M\Br) * ”gHWE’g’(M\Br)r '

Hence condition (2.10) holds. Condition (2.11) holds because the Sobolev
inequality implies

/ Ry (x) (2:5 bRk — 2$’6bk) Vé dog — /
|z|=r

|z|=r

_ 1-6
<c (Hl - “”WE{(M\BT) +llg — QHWE*g’(M\Br)) no

Ry (z) <2l' - boPk — Qxﬂbk) Vé dog
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By Lemma 2.9, we conclude

rhi& e Ryi(x) (296 - bdPF — 2:0%’“) y; dog
= lim Ry () (Qx - boPF — 2x5bk) l/é—, dog+e=e.
r—00 |{L‘|=7‘

Since € can be chosen arbitrarily small, I3 converges to 0. Therefore,

1 s
C})iy 167‘('777, rli{go(Il —i—IQ—i-Ig) (’)g‘CI’I—i—aO‘.

4. THE CORVINO—SCHOEN CENTER OF MASS

Corvino and Schoen [CS06] defined the center of mass (1.8) for AF-RT
manifolds. In this section, we will show that the intrinsic definition we
propose is actually equal to the Corvino—Schoen definition (Theorem 1). In
other words, the intrinsic definition (1.4) is a coordinate-free expression of
the Corvino—Schoen definition.

Assume g is the approximating solution in Theorem 2.2 (Density Theo-
rem). A straightforward calculation shows C(g) = Ccs(g). As proven in
Theorem 2.2, Cy(g) can be approximated by C7(g). If we prove that Ccos(g)
can also be approximated by Ccs(g), then Theorem 1 follows.

Proof of Theorem 1. First notice that the Corvino—Schoen definition is equal
to the following expression where the normal vector and the volume form
are with respect to the induced metric in the Euclidean space

Cég = lim / Z Giji — glw 1/0 dog

1,J

— / Z(hiay(i) — hiiyg) dO’O
|z|=r

i
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A direct calculation shows

/I | z® Z(QW - gii,j)Vg dogy — / Z(hz‘a’/é — hiivy) dog
T|=T2

ij fol=r2 5

- /I | 2> (giji — giig )V doo — / > (hiaV' = hi) dog
T|=r1 P

0j 1=

= / 2> (gijij — giijs) dvol
r1<|z|<ra ij
It is easy to see that the conditions (2.12) and (2.13) in Lemma 2.9 (and
the remark afterward) hold because >, ;(9ij,ij — giijj) is the leading order
term of R,, and by the constraint equation (2.1),

/ 2> (gijij — iigj) dvolo| < ¢ (HWHW}&(M\BT) 17 1y s,y
lelzr g

dd 1-26

g™ w2p ans) 9 = Slw2pana,) 7

and

(/ | z® Z(gij,i - Qiz‘,j)l/g dog — / | Z(hial/é — hiuvg) d00>

] 7

- (/ x® Z(gij,i — Giij )V dog — / Z(ﬁiay(i) — hiv§) dao)
lz|=r i |z|=r i
<clg - g“wff(M\BT)TQ_(S

Then we can apply Lemma 2.9 and have
16mm r—oo

|z|=r i

1 . e j i o
C%’S = — lim /| ‘ X Z(giM — gn'J)l/(J] dO‘o — / Z(hml/o — hiil/() ) dO’o

.3

i.j fol=r

1 . ~ ~ ) B o
~ 16mm Jim /|a:=r o Z(Qim’ — Giij )V dog — / Z(hiaué — hyivd) dog

=Ccs(g) +e

5. THE HUISKEN—YAU CENTER OF MASS

In the case that (M, g, K) is SAF (1.6), Huisken-Yau [HY96] and Ye
[Y96] proved the existence and uniqueness of the constant mean curvature
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foliation in the exterior region of M, if m > 0. Huisken and Yau used
the volume preserving mean curvature flow to evolve each Fuclidean sphere
centered at the origin with a large radius and they showed that the Euclidean
sphere converges to a surface with constant mean curvature. Furthermore,
they proved those surfaces with constant mean curvature are approximately
round, and their approximate centers converge as per equation (1.7):

z%do
C%y = lim M

=1,2,3 1.7
e A (1)

where {M,} are leaves of the foliation and z is the position vector. They
define this to be the center of mass for M. Instead of using volume preserving
mean curvature flow, Ye used the implicit function theorem to find a surface
with constant mean curvature which is perturbed in the normal direction
away from the Euclidean sphere Sr(p) for some suitable center p and for the
radius R large. Although it is not emphasized in his paper, p can represent
the center for each constant mean curvature surface because this surface is
roughly round. Furthermore, we will show that p converges to Ccg and
use this fact to prove Cgy = Ceg. Then C; = Cpy follows because the
Corvino—Schoen center of mass Cog is equal to the intrinsic definition Cy
by Theorem 1. Before we prove Theorem 2, we will need a technical lemma
(Lemma 5.1) which suggests that the center of the surface p converges to

Ccs.

Let v be the outward unit normal vector field on Sgr(p) with respect to
the metric g. As R varies, v is well-defined in a tabular neighborhood
of Sg(p). Therefore, the mean curvature at y € Sg(p) is divg, Vv =
divyv, the divergence operator of the ambient manifold M. Recall that

2m
g = <1+y‘> 5z‘j+pij- At Y,
_ Vly—»l
VIy —pll,

_< _m 3mt 1 <yq—pq><yr—pw>y’—pla

- r
| 20y? 2™ ly —p[? ly — p| 0y
y*—p* o

— prt——— =+ O(R™?).
kl y—p 1 ( )
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A straightforward calculation gives us the mean curvature on Sg(p) is equal
to

. 2 dm 6m(y —p)-p 9m?
divgr = - 2 4 3
ly—pl |y—0pl ly — pl ly — pl
1 (v — ) (7 — p)(y* - p) (y' —p") (7 —p)
+5Pij k(Y + 2pi;(y
i (y) ly —pf? () ly — p|3
v —p puly) 1 y —pl
—Pij,i(y - + =piij(y) + Ey, (5.1)
il )!y—p! ly—pl 27"y —pl

where |Ep| < %(1 + \p|) for some constant ¢ depending only on the metric
g.

Lemma 5.1. For R large,

PN Nk ok
/ (v _poc)<1pij7k (' =)y — ) —p )) doq
ly—p|=R

2 ly —p?
T o0 J _ nJ
+/ (5 _pa)<2pij (y' —p")(y i pJ)) doo
ly—pl=R ly — 1|
J _ mJ . 1 J _— mJd
+/ (y* —p%) < _pij,iy P S + pii,jyp]> dog
ly—p|=R y—p ly—p 277 |y —p
= —8mnC%g + O(R™1), a=1,2,3. (5.2)

Proof of Lemma 5.1. We denote the first integral by, for a = 1,2, 3,

it i ] k_ .k
IQ(R):/y_pR(ya_pa)@p“”“(y p)(z‘g—g"g)(y p ))dao

In the proof, we will rewrite Z%(R), and then some cancellation allows us
to rearrange the left hand side of (5.2) so that it has an expression corre-
sponding to Cgg.

Since the coordinate is only defined outside a compact set of M, we can use
the divergence theorem only in the annular region A = {R < |y — p| < R1},

J_ _ ik a _ pa
I°(R) = Ia(R)Jrl//x(pij’k(y P)(F — )y —p )> vl

2 ly — p|? i
_ (R)+ % /A <pij’i(yj— pf><7;:£”;><ya—pa>)ﬁk dvolg
_;/Apijvi<(yj—pf)(z‘/;:i;)(y“—p“))kdvolo
J% / pij’k<(yj —Pj)(?’J;— ;7”“2)(31“ —po‘)>’i dvolo.
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Using the divergence theorem and simplifying the expression, we get an
identity containing purely boundary terms

TRy) =TI%(R) + J*(Ry) — J*(R), forall By > R

where

N =

y —p
/ (Y™ — p™)pijiT——— dog
ly—p|=R ‘y - p‘

a a (yl _pi)(yj _p])
—2 — p™)pij d
/ly—pR(y PP ly —p|? 70

1 y* —p° 1 y' —p'
+/ pzzd00+/ piozid(]'().
2 Jly—pi=r" |y —pl 2 Jiy—pi=rly—pl

To prove that Z%(R) = J“(R), we would like to apply Lemma 2.9. It is easy
to check that the conditions (2.12) and (2.13) hold, so we get, for « = 1,2, 3,

I%(R) = J*(R) = lim (Z%(R1) — J%(R1)) = lim (Z7(R1)— J5 (R1)) + €,

Ri—0 Ri—o0

where 7' and J3* denote the integrals that we obtain by replacing p;; by pi;
in Z and J, where p;; are O(|y|~2)-terms in the approximating solutions g;;
in Theorem 2.2 (Density Theorem). More precisely, g;; has this expansion

a 2N -2
gi = (1 1,7)8 + Oy,

and p;; is defined by
Pij = Gij — (1 + ﬁ)%’-
Because ﬁ?ﬁd = % + O(|y|~3) as in (2.4), it is easy to see that
lim (Z3(R1) — J5 (R1)) = 0.

R1—o0

Therefore, we conclude Z%(R) = J*(R). We then replace Z%(R) by J*(R)
in the identity (5.2) and derive that the left hand side is equal to

1 / y —p
- " = 1) — i) o dor
2 ( ly—pl=R Ty — |

yi . pz' ya . poc
_ / Dia — Pii dog | .
ly—p|=R |CC—p| \az—p\
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We rewrite the above integrals into the summation of the center of mass
(1.8) and the remainder terms. Then explicit calculations yield

1 y —p
~3 / (Y* = p*)Gizi — Giij) T doo
ly—p|=R ly — p|

yi _ pi ya _ pa
- / Jia — Gii dog
ly—p|=R |z —p |z — pl

o a yj - pj
/ (y* = p") (9iji — Piji) — (9iij — Piig)) T doo
ly—p|=R Y — Dl

L1
2

1 / yi _ pi ya _ pa

- = (Gia — Dia) — (9is — pii)=—— dog
2 [ ly—pl=R |z — pl |z —p|

= —8mmC&g + O(R™).

O

Proof of Theorem 2. Let F, r : S1(0) — M be an embedding defined by
y = Fp r(z) = Rz + p, that is, Fj, r(S1(0)) = Sr(p), the Euclidean sphere
centered at p with the radius R in M. We consider the perturbation along
the normal direction on Sg(p) defined by ¥ = {y + A¢v : y € Sg(p)} for
a parameter A > 0, and for ¢ € C*%(Sg(p)) with ||@||c2.« < 1. We denote
the mean curvature on ¥ by H(p, R, A¢). Using this notation, H(p, R,0) =
divgr, the mean curvature of Sg(p). By Taylor’s theorem for mappings
between two Banach Spaces,

H(p,R,A\p) = H(p,R,0)+dH(p,R,0)\¢

+ /01(1 —5) (dzH(p, R, s()\gb))()\(b’ A(ﬁ))ds

where dH and d?H are the first and second Fréchet derivatives in the ¢-
component. In our case, dH (p, R,0) is the linearized mean curvature oper-
ator on Sgr(p), i.e.

dH(p, R,0) = Ag, ) + |AlZ + Ric(v,v),

where Ag, () is the Laplacian operator on Sg(p) with respect to the induced
metric from g, A is the second fundamental form on Sg(p) and Ric(-,-) is
the Ricci curvature of M. Then

H(p,R,\¢) = H(p,R,0)+ Ag,»A¢ + (|AlZ + Ric(v,v)) Ap

+ /0 ) (@2H (b, R, 5(A0)) \269 ) ds. (5:3)
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In [HY96], the estimates on the eigenvalues A\; and A2 of A are derived
and
2 , _
Aff =X+ X = 45 +O(R™), Ric(v,v) = O(R™).
For the second Fréchet derivative in the Taylor expansion, we have

d’H (p, R, s(A$)) N p¢p = —H(p, R,t(Aqb))‘

The right hand side is the second derivative of the mean curvature of the
surface {y + s(A¢)v : y € Sgr(p)}. For R large, the unit outward normal
vector field on {y + s(Ap)v : y € Sgr(p)} is close to v, and a straightforward
calculation gives us

t=s

2
o2

where the constant ¢ is independent of p, R, ¢. Let G and E; be defined as
follows, where G is the lower order terms of the mean curvature of Sg(p)
from (5.1),

H(p, R,t(Ag))| < eN*(|Rijual|Allo]? + |Al|¢]| D?¢| + |A]*|]%)

(' =)y —p)
ly —p[3

i o) (1 — ) (F — pF
G = Lpunl p)(?y—glj?’)(y )

2
Y -9 pi 1y —p
ly—pl |yl

+ 2pi;

—Pij,i
and

Frly) =Fo + (141 — 27 ) (A0) + Ric(v,1)(19)

i /01(1 - S)(dzH(p’ R, s)$)) (A, Aéb))ds

G will give us Ccg as indicated in Lemma 5.1 and Ej(y) is an error term
bounded as follows for some constant ¢ independent of p, R, ¢.

B11 < L+ 1)+ 53 (ol + A2Jol + BENY6l| %6l ).

From identities (5.1) and (5.3),

2 4m  6m(y —p)-p 9Im?
R, ———
To find the surface with constant mean curvature, we need to ﬁnd p, R, ¢ so
that

+G(Y)+A g ¢+ A¢+E1( ).

2 4dm

It is equivalent to solving

6m(y—p)-p  9m?

0= "+ g

2



On the Center of Mass of Isolated Systems with General Asymptotics 29

We pull back the equation (5.4) via the map F), r, and we get the following
equation on S1(0),
6mx-p  9m? 2
0 = i3 + R3 +Go Iy r(z) + Mg, oy () + ﬁ)ﬂb(ﬁf)
+E o F, g(x) (5.5)

for p, R,9(z), where Ag, (o) is the Laplacian on S1(0) with respect to the
pull back metric and ¢ = ¢ o F, g(z) = ¢(Rzx + p) is the pull back of ¢.
Define the operator L : C**(S1(0)) — C%*(S51(0)) by

= —AO —2,

where A is standard spherical Laplacian on S1(0) in R3. Because the metric
g is asymptotically flat, the difference between A¢ and Ag, (g) is small and
can be treated as the error term. Therefore, the identity (5.5) is equal to
6mx-p 9Im? 1
0=+ 5 TChrl)— 5
where El has the same bound as Ei. We let A = R™% for some fixed
a € (0,1) and multiply R?>T® on both sides of the above equation, then

ALY (x) + Eio Fy r(z),

6ma - 9Om? ~
Ly(z) = Rl_ap + Rl-a + R*™G o F, g(x) + R*™"Fy o F, g(x)  (5.6)

Furthermore, since D, = (Dy¢)R,

~ C C 2 D2
Bro B < 1+ )+ 5 (o + s+ )

R R3 Ra R2a

In order to find p, R and 9 to solve (5.6), first we perturb p = p(R, ) so
that the right hand side of (5.6) is inside RangeL for any R and 1. We will
also show that p = Ccg + e where e is the error term containing lower order
terms in R and [[1]|. Second, using an iteration process and the Schauder
estimate, we can find a solution 1 for R large.

1. Perturb the center p. L has a kernel equal to span{z!, 22, 23} be-
cause translation preserves the mean curvature. Since L is self-adjoint,
C%2(S1(0)) has the L?-orthogonal decomposition C%%(S;(0)) = RangeL @
span{z', 22, 23}. We would like to find p so that the right hand side of (5.6)
is orthogonal to span{z!,22,23}. That is, we want to find p so that for
a=1,23

6mx-p  9Im?
¢ + dog
/Sl (0) ( lea lea)

+/ z® (RZ'HZG o Fp r(z) + R*"E; o Fp’R(az)> dog = 0. (5.7)
51(0)
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We calculate each term above separately. A direct calculation gives the first

integral
/ xa<6mx -p n 9Im? ) dog = 8m7rpa.
S1(0)

Rl—a Rl—a Rl—a

From the area formula and Lemma 5.1, we have

/ 2O R2F9G o F p(x) dog = / Y — P petag(y)R2doy
51(0) spw) I

1 o o —8mmCg —94a
= Rla/g (p)(y = pM)G(y)dog = — 2= + O(RT*H).
R

Moreover, the error term can be bounded by

< C
— RZ—a

+ %(W\ +[Dy[[p] + [DYI* + [¢]| Dy|| DY)

Since the ADM mass m > 0, we can choose p

p(R7 W = Cos + e(Rv w) (58)
so that the identity (5.7) holds, where

e(R)| < 5 (L4 Ipl) + g (161 + [DYIe] + [DUP + ]| Dyl D).

(1+1[pl)

/ $QR2+a_El ] Fp7R(x) dUO
51(0)

2. Find the solution ¢ by iteration. We consider the isomorphism
L : (KerL)t — Range(L) for (KerL)* c C?*%(S1(0)) and Range(L) C
C%(81(0)). If we denote the right hand side of (5.6) by f(p, R,), i.e.

_Gmx P 9m?

o Bow) = ==pio- = pimg — BTG o By p(w) = R*7Ey o Fy p(w),

we know f(p(R,v), R, ) € Range(L) for any R, with ||¢||c2.« < 1. There-
fore, any g with ||[¢g|c2.a < 1, there is 91 € (KerL)* such that

Lip1 = f(p(R, o), R,v0).
Moreover, we use the Schauder estimate and the fact that 1, € (KerL)!,
H’QZ)lHCQ’O‘ < CHf(p(Rv wO)aRa ¢0)“Co,a

c c 9

< (1Cesl + 1) + s (ollcze + [olZe.)
c 2c

< - 1 —.

For any R large enough (independent of 1), we have ||[¢1]c2e < 1. We
continue the iteration process and get a sequence of functions {1} }72, sat-
isfying

Lipp1 = f(p(R,¢x), Rog)  and  ||¢hpqa ]2 < 1.
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The Arzela-Ascoli theorem says that there exists 1o, € C?*(S1(0)) such
that a subsequence of {1}, } converges to ¥, in C%* for 0 < pu < a. Moreover
oo 18 a solution to (5.6),

Lpoo = f(p(R7wOO)aRv wOO)

Let ¢oo(y) = Voo oFZ;é(y), then the surface Mg = {2z : 2 = y+ R %¢oot,y €
Sr(p)} has constant mean curvature equal to (2/R) — (4m/R?).

To complete the proof of Theorem 2, we need to compute

2%do
) (5.9)
R—o0 fMR, dO’O

By the uniqueness of the constant mean curvature foliation, { Mg} are equal
to those constructed in [HY96], and therefore (5.9) converges to the Huisken—
Yau center of mass C%,. We now prove that (5.9) also converges to the
Corvino—-Schoen center of mass C&g. Let F' be the diffeomorphism defined
by F(y) =y + R *¢sov, then

fMR 2%dog _ fSR(p) (ya + R %poorv®)JFdoyg
f Mp dog f Sr(p) JFdoy

where JF is the Jacobian from the area formula, JF =1+ O(R™17%). Now
we can use the fact that the area of Euclidean sphere is O(R?) and the
estimate for the center p in (5.8) to conclude

fMR Zadao
fMR dO‘o
 Jsun 07 =)+ ORZ =) doo + [ ) R~ 9mcr I Py

(07

=p

— Cls+ e(R, 6u) + O(R™®).

Therefore, after taking limits, the Huisken—Yau center of mass Cfy is equal
to the Corvino—Schoen center of mass C¢ig and, therefore, is equal to C¢. I
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