LOCALIZED DEFORMATION FOR INITIAL DATA SETS WITH THE
DOMINANT ENERGY CONDITION
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ABSTRACT. We consider localized deformation for initial data sets of the Einstein field equations
with the dominant energy condition. Deformation results with the weak inequality need to be
handled delicately. We introduce a modified constraint operator to absorb the first order change of
the metric in the dominant energy condition. By establishing the local surjectivity theorem, we can
promote the dominant energy condition to the strict inequality by compactly supported variations
and obtain new gluing results with the dominant energy condition. The proof of local surjectivity
is a modification of the earlier work for the usual constraint map by the first named author and
R. Schoen [7] and by P. Chrusciel and E. Delay [3], with some refined analysis.

1. INTRODUCTION

Deformations to obtain the strict dominant energy condition are important analytical tools in
the study of initial data sets. Among various applications, the most prominent one is perhaps
the proof of the Positive Mass Theorem by R. Schoen and S.-T. Yau, in which they use the strict
dominant energy condition in conjunction with the stability of a minimal hypersurface (or more
generally a marginally outer trapped hypersurface) to study the geometry and topology of the
manifold. Their deformation results for asymptotically flat manifolds are global because their
argument involves a conformal change of the metric, and the resulting variations of the initial
data set, which satisfy an elliptic equation, cannot have compact supports, see [19] for the scalar
curvature operator and [20] for the dominant energy condition with nonzero current density J. A
general global deformation result for asymptotically flat initial data sets is obtained by the second
named author with M. Eichmair, D. Lee, and R. Schoen as a central analytical step in the proof of
the spacetime Positive Mass Theorem [11].

In contrast, if one restricts to compactly supported variations of initial data sets, so-called
localized deformations, there is an obstruction to deform to the strict dominant energy condition.
For vacuum initial data sets, the obstruction is related to whether the corresponding spacetime
has Killing vector fields. More specifically, work of A. Fischer and J. Marsden [12, 13] shows that
the constraint map is locally surjective if the kernel of the formal L? adjoint of the linearized
constraint operator is trivial, a condition which V. Moncrief [18] proves is equivalent to the absence
of spacetime Killing vector fields. Fischer-Marsden’s proof uses the splitting theorem of the function
spaces on a closed manifold in an essential way. For compact manifolds with boundary, the first
named author uses a variational approach to prove a local surjectivity result for the scalar curvature
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work supported by the NSF under Grant No. 0932078 000, while both authors were in residence at the Mathematical
Sciences Research Institute in Berkeley, California, during the Fall 2013 program in Mathematical General Relativity.
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operator [5], and then with R. Schoen for the full constraint map [7]. P. Chrusciel and E. Delay
introduce finer weighted spaces and derive a systematic approach to localized deformations for
the constraint map in various settings [3]. Localized deformations play an important role in gluing
constructions (e.g. [5,7, 3, 2, 17, 4]) and have applications to rigidity type results [5, Theorem 8], but
all earlier results focus on initial data sets that are either vacuum or have the strict dominant energy
condition. In this paper, we present localized deformations without assuming either condition, by
introducing a new modified constraint operator, and obtain new gluing applications. The rigidity
type applications will be discussed in a forthcoming paper.

For non-vacuum initial data sets, there is a serious technical detail in deforming to the strict
inequality from a weak inequality. Essentially, the deformation does not seem to follow directly from
local surjectivity of the constraint map, as we now discuss. (Please refer Section 2 for the relevant
definitions.) Suppose the constraint map & is surjective at an initial data set (g, ). Given (¢, V),
suppose one solves for a small deformation (h,w) to achieve ®(g + h, 7+ w) = ®(g,7) + (2¢, V).
That is, the mass and current densities of the deformed initial data set (g, 7) = (g + h, 7 + w) are
fi=p+1 and J = J+ V. The norm of J is taken with respect to the deformed metric, and

[Tlg = |+ Vlgen <17+ Vg + 51hl|T + Vg + O(hg).
Thus for the deformed data (g, )
(1.1) i=1Jg = n—1J +Vig+v = glhlg|J + Vg + O(|A[7).

Note that h depends on the choice of (¢, V') and the estimates do not indicate that ) can dominate
the first order change involving h to promote the dominant energy condition (while we can arrange
for ¢ to dominate the term O(|h[2)).

In this work, we introduce a modified constraint map. Given a vector field V', a metric g and a
symmetric (0, 2)-tensor h, let h -V denote the vector field dual (with respect to g) to the tensor
contraction of h and V. For a fixed initial data set (g, 7) and a vector field W, let (I)F;ﬂf) be defined
by

oy o (17) =23, 7) + (0,37 (J + W),

where J = divgr is the current density of (g,7). When W = V, the additional term is designed
to absorb the first order change that results in the term %|h[y|J 4+ V|, from (1.1) and is motivated
by the linear map introduced in [11]. We establish a sufficient condition, in terms of the modified
operator @?g,ﬂ) (setting W = 0), to promote to the dominant energy condition. Throughout this

paper, we let  be a compact connected manifold with smooth boundary, and let © be the manifold

interior, unless otherwise indicated.

Theorem 1.1. Let (g,71) € CH*(Q) x C3%(Q) be an initial data set. Suppose that the kernel
of Dq)(()g W)F(kg ) s trivial on Q. Then there is a C?*%(Q) neighborhood W of the zero vector and
constants € > 0, C > 0 such that for (¢,V) € By x (B N W) with ||(¢,V)||B,xB, < €, there

exists (h,w) € By x By with ||(h,w)||ByxB, < C(¥, V)|IByxB, such that (§,7) = (g9 + h, 7+ w) €
C?(Q) x C*%(Q) is an initial data set and satisfies

B—1Jg=pu—|J+Vl]g+1.
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The weighted Banach spaces By = Bi(2) C C{ZCO‘(Q) for £ =0,1,2 and the respective norms are
defined in Section 2.5. In particular, if (g, ) satisfies the (weak) dominant energy condition, the
above theorem gives a sufficient condition to deform to the strict dominant energy condition in 2
by setting V =0 and ¢ > 0 in .

Our proofs also give the following version of Theorem 1.1 that includes higher order regularity

and uniformity in the neighborhood of an arbitrary initial data set.

Theorem 1.2. Let k > 0. Let (go, m0) € C*4(Q) x C*+3%(Q) be an initial data set. Suppose that
the kernel of D(I)[()gomo)’?gomo) is trivial on Q. Then there is a C*4%(Q) x C*39(Q) neighborhood
U of (go,m0), a C*+2%(Q) neighborhood W of the zero vector, and constants ¢ > 0, C' > 0 such
that for (g,7) € U and for (), V) € CFY(Q) x (CETH(Q) N W) with ||(, V)||B,xs, < €, there
exists (h,w) € CET2*(Q) x CEF2Q) with ||(h, w)||crsziaxorrza < Cl(W0, V)|l grax kit such

that (3,7) = (g + h, 7 +w) € C**29(Q) x C*+2%(Q) is an initial data set that satisfies
f= gz n=1J+Vlg+.

If, in addition, (g,7) € C*(Q2) and (¢, V) € C*(QQ), then we can achieve (g, 7) € C*(2).

As an application, we give the following gluing construction of initial data sets from interpolation.
This extends the scalar curvature result of E. Delay [9], but the presence of |J| adds an analytical
subtlety.

Theorem 1.3. Let k > 0. Let (go, ™) € CF4(Q) x CF+32(Q) be an initial data set. Suppose that
0 *

the kernel of D(I)(go,ﬂ'o)‘(go,ﬂ'o) th i

is supported on a compact subset of Q. Then there exists a C¥+42(Q) x CF+3(Q) neighborhood

U of (go,mo) such that for (g1,m1),(g2,m2) € U and for (g,7) = x(g1,m) + (1 — x)(9g2,72), there
exists a pair of symmetric tensors (h,w) supported in Q such that the initial data set (g,7) =
(g + h, 7 +w) € Ck29(Q) x CF+22(Q) satisfies

= 1Jlg = x(u1 = [ilg) + (1= x) (2 — | J2lg,)-

If, in addition, (g1,m1), (92, m2) € C°(Q), then we can achieve (g, 7) € C*(2).

is trivial on Q. Let 0 < x < 1 be a smooth function such that x(1—x)

We will consider deformation and gluing constructions in the asymptotically flat setting, for

which it is essential to make use of the modified operator @&/W) for W not necessarily 0. As an

application, we show that for any asymptotically flat initial data set without assuming the no-
kernel condition, one can solve for a new initial data set that interpolates to a model initial data

set in a way that the dominant energy condition also interpolates. Note that at vacuum data,

the modified operator (P?g ) recovers the usual constraint map, so that in particular the adjoint

0
(g,
occur far into the asymptotically flat end, so we need to take into account the finite-dimensional

operator (D® 0))* at the flat data has a kernel. In the asymptotic gluing, the deformation may
approximate kernel from the flat data, by employing an admissible family. This is carried out as
in the vacuum case, but we remark that the admissible family in our setting can include not only
the Kerr family, but also non-vacuum ones such as the Kerr-Newman family.

Let x be a smooth cutoff function that is x = 1 on the Euclidean unit ball B; and xy = 0 outside
By with x(1 — ) supported on a compact subset of By \ B1. Let xr(y) = x(y/R) be the rescaled
cutoff function.
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Theorem 1.4. Let k > 0. Let (M,g,m) € CFha s Ok 3 be an asymptotically flat initial data

loc loc

set with the ADM energy-linear momentum (E, P). Given € > 0, there exists Ry > 0 such that for
any R > Ry, there is an initial data set (g, 7) € CET2% x CFT2 yith,

loc loc
(9.7) = (g9,m) in Bg
(g,7) = (¢”, ) in M\ Bag
for some (¢, 7%) in the admissible family of (g, ) so that (g, ) satisfies the dominant energy

condition
=1 Jlg = xR = 1J1g) + (1= xr) (1’ =7 0)
with the strictly larger ADM energy E? > E and

PP —P|<E’—E<e.
If, in addition, (g,7), (g%, 7%) € C™, then we can achieve (§,7) € C™.

Remark 1.5. If E > |P| in the above theorem, then the ADM mass of (¢?,7%) is strictly larger
than that of (g, ), i.e. /(E?)2 —|P?2 > \/E? — | P2, by direct manipulations.

Note that our gluing results do not fully recover the vacuum gluing results even for vacuum initial
data sets, since we do not obtain the equality for the dominant energy condition. On the other
hand, our gluing construction includes the feature to bring up the ADM energies by promoting the
dominant energy condition. In particular, we can glue a Schwarzschild solution to a (different) Kerr
solution through a region where the dominant energy condition holds, which may not be feasible
by the vacuum theorem.

The paper is organized as follows. In Section 2, we introduce basic properties of the modified
constraint map and some analytical preliminaries, including an improved estimate for weighted
spaces (Proposition 2.10). In Section 3, we study localized deformation by the modified constraint
map and prove Theorem 1.1 and Theorem 1.3 (with & = 0). In Section 4, we prove asymptotic
gluing results to an admissible family, including Theorem 1.4 (with k£ = 0). In Section 5 and Section
6, we prove the local surjectivity theorems for the modified operator and the projected operator,
respectively; the analysis follows closely that from the vacuum case, but we include the details to

emphasize the uniformity of various required estimates.

2. PRELIMINARIES

We use the Einstein summation convention, summing over repeated upper and lower indices,
throughout, and we use the convention that a semicolon denotes a covariant derivative, while a

comma denotes a partial derivative.

2.1. Initial data sets. Let n > 3. An n-dimensional initial data set is an n-dimensional mani-
fold M equipped with a CZ Riemannian metric g and a C. . symmetric (2,0) tensor K. The mass
density p and the current density J are defined by

1
W= i(Rg - |K|§ + (trgK)2)
J =divg K — d(trgK)
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where Ry = g" R;; is the scalar curvature of g, with R;; the components of the Ricci tensor. It is

convenient for us to consider the momentum (2,0) tensor

= K — (tr,K)g".
Abusing terminology slightly, we refer to (g, 7) as an initial data set throughout this paper. The
initial data set is said to satisfy the dominant energy condition if

w=|Jlg

holds everywhere in M.
The constraint map is defined by

®(g,7) = (R(g) + Lo (trgm)? = |72, divgﬂ> = (2u, J).
The linearization is given by the following formula (see, for example, [11, Lemma 20])

(2 1) D‘I"(gﬂr)(hj, w) = (Lgh — thjﬂéﬂﬂ — 27%11]? + %trgﬁ(hijﬂij + trgw),
(divgw)i — %ijhjk;gg& + ﬂjkh;-;k + %ﬂij(trgh)7j>.

Here all indices are raised or lowered with respect to g. The linearized scalar curvature operator
Ly(h) = —Ay(tryh) + divydivy(h) — h¥ R;; appears above. The formal L? adjoint operator of
Do

g,m) 18 given by

D[l o (f, X)

= (L;f + (25 (trgm)mij — 27Tik7rf)f
+3 (giégjm(LXTr)Em + (Xh)my — Xamhy = Xy — X g5 — ka;’%”gij) ;
~3(DyX)7 + (32 (trgm)g¥ - 27) £ ),

where Ly f = —(Ayf)g + Hessy f — fRic(g), Lxm is the Lie derivative, and DyX = Lxg is the Lie
derivative operator (DyX)" = X* g% + ingg&. See [7, Lemma 2.3] for n = 3, [11, Lemma 20] for
general n.

(2.2)

2.2. Modified constraint map. Let (g, ) be an initial data set and let W be a vector field. We

define the modified constraint map @gﬂ by

(2.3) O (v, 7) = (v, 7) + (0, 37 - (divgm + W),

where (v-Y)! = gij’yjkYk in local coordinates. The linearized operator at (g,m) is denoted by
DoV

(gm) = D(I)g,n)kgﬂr) and has the following expression
(2.4) DO (b, w) = D®|(g y (h,w) + (0, $h - (divgm + W)).

The formal L? adjoint operator has the expression

(2.5) (DD ))*(f,X) = D<I>|Z‘gy7r)(f,X) + (%[Xi(dngﬂ' +W); + X;(divgm + W), 0) ,

(g,m

where the indices are lowered by g.
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2.3. Kernel of the adjoint operators. We include regularity results for any kernel element
(f,X) € H3 (U) x HL_(U) where U C M is an open subset, from which we can obtain higher
order regularity depending on the smoothness of the initial data sets. The analysis is similar to the
scalar curvature operator in [5, Section 2.2].

Proposition 2.1. Let k > 2, a € (0,1). Let (g,7) € CE(U) x CE~1*(U) be an initial data set.

loc loc

Suppose that (f,X) € HE (U) x H} (U) satisfies D@\?g 7T)(f,X) = 0 weakly. Then the following
holds:
(1) (f,X) € Ol (U) X Cio *(U).

(2) If (g,m) € CH*(U) x Ck=12(T), then (f, X) € C*=22(U) x C*=22(U).
(3) If U is connected, the space of solutions (f,X) € HZ (U) x H}

loc loc

(U) to the homogeneous
equation D¢|’{g 7T)(f, X) = 0 is finite-dimensional, and a non-trivial solution cannot vanish
on any open subset of U.

Proof. Let (f,X) € HE.(U) x H}

loc

(U) satisty D@\Tg 7r)(f,X) = 0. Taking the trace of the first
component of (2.2) gives an equation for A, f. Using this equation, we can eliminate the term A f
from the first component of the system D<I>|Z‘g ﬂ)(f, X) = 0 to obtain

(2.6) fij = Aijf + Bij X" + ijk:X’? )

where A;;, B;j, and C’fjk are functions locally computed as polynomials in the components gqp, g%,
Tabs OcGabs 0%19abs and Oemqp. The other components in D<I>|Z‘g ﬂ)( f,X) = 0 constitute the following

system:
(2.7) %(DgX)ij = (%(trgﬂ')glj — 27Tij)f.

Thus DyX € HL_(U), and by commuting the order of derivatives and using the Ricci formula, we

have
(DygX)ijik + (Dg X )kizj — (DQX)jkﬂ)}
(2.8) = (Xigk + Xigg) + Xk — Xjiki) + (Xgig — Xoyja)
= 2Xjk + (Rpji + Ry + Rijp) Xe,

where the sign convention for the Riemannian curvature tensor is so that the Ricci tensor R, =
jok' Along with (2.7), this implies that X € H}

loc

(U). By taking the trace of the first component
of D‘I>|E‘g77r)(f, X) = 0 and the divergence of the other components, (f, X) satisfies a second order
elliptic linear system (see [7, Proposition 3.1] for n = 3 and [11, Lemma 20] for general n). The
desired interior regularity (f, X) € C{Zf(U) x CE-1(U) follows from elliptic regularity.

Let v = 7(t) be a geodesic. Because V.4 = 0, we have

(foy)"(t) = fujly¥ ()3 (1)

2.9 F
(2.9) (D”;EWD) = (V5V5X)F = XL o4 (D)7 (1).
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We have the formula for f.;; in (2.6). The term X;’zj is obtained from (2.8):

i L L s
Xk = 59 Dy X)ejk + (DgX )ty — (DX ) jise)] — 59 gCZkXp

(2.10) - B Lo
= A f+ B;'if;f - §9wCZ’kXp7

where sz, Eji-f;, éfj ;. are locally computed as polynomials in g, 9™, Tap, OcGab, digab, and 0,7qp.
For convenience, let {F;(t),i = 1,...,n} be a parallel orthonormal frame field along 7. Let
X(y(t) = X' (t)E;i(t), and X°(t) = f(y(t)). Let Z(t) be the column vector with the compo-
nents X°(¢), X'(¢),..., X"(¢). Then by (2.9), (2.6), and (2.10), the vector satisfies a second-order
linear system of ordinary differential equations along any geodesic « in U:

Z"(t) = A()Z'(t) + B(t)Z(t),

where A(t) and B(t) are (n+1) x (n+ 1) matrix functions whose components are computed locally
as polynomials in g;;, g, Tijs OkGij 8,%£gij, and Oym;;, evaluated along . If U is connected, then
(f,X) is determined by its 1-jet at a point in U, and thus the dimension of the kernel is at most
(n+1)2, and any non-trivial element in the kernel cannot vanish on an open subset.

Boundary regularity for (f, X) follows from the ODE argument. By extending the initial data
set (g, ) in a neighborhood of the boundary, we may assume that U is in a manifold interior. Let
g € OU and let 2r > 0 be the injectivity radius at ¢. For a point p € U with d(p,q) < r, we can
extend (f, X) on B,.(p) \ U along the unique geodesic in B, (p) starting at p with initial velocity
v = exp !(x) that reaches z € B,(p) \ U. By the smooth dependence of solutions of ODE on
parameters (note that exp™' is C*~1* and the ODE system involves Ric(g), which accounts in
part for the ensuing regularity), we have that (f, X) € Ck_Q’a(BT(p)) X C’k_z’o‘(Br(p)).

loc loc

0

The above proposition also applies to the modified constraint operator because its adjoint op-

erator (D@Ygﬂ))* differs from D<I)|2‘g - only by a zero-th order term. Essentially the same proof

implies the following statement.

Proposition 2.2. Let k > 2, o € (0,1). Let (g,7) € Ck’a(U) X Ck_l’a(U) be an initial data

loc loc

set. Let W € C’{ZZQ’&(U) be a vector field. Suppose that (f,X) € HE . (U) x HL_ (U) satisfies
, X) =0 weakly. Then the following holds:
D@gﬂ)*fX 0 kly. Then the following hold
(1) (£, X) € G (U) x Coe " (U).
(2) If (g,m), (v,7) € CR(U) x C*1(U), W € CF2%(U), then (f,X) € C*2(U) x
CF=2(T).
(3) If U is connected, the space of solutions (f,X) € HZ (U) x H} .(U) to the homogeneous

- w
equation (D(ID(M)

on any open subset of U.

)*(f, X) = 0 is finite-dimensional, and a non-trivial solution cannot vanish

Definition 2.3. The kernel of (D@}/ZW))* on U is the set K C HE_(U) x HL_(U) which consists of
those (f, X) that satisfy (D@gﬂ))*(f,X) = 0 weakly. The kernel of (D®!” ))* is said to be trivial

(g,
on U if K = {0}.
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Example 2.4. Consider the flat data (gg,0) on an open connected subset of R?® and W = 0.
Then the modified operator is the usual constraint map, and its formal L? adjoint operator
D<I>|>(kgE’o)(f, X) = (—(Agyf)gr + Hessg, f, —3D,4. X) has a ten-dimensional kernel K = Ky & Kj,

where
Ko = span{1, 2!, z* 23}
g o0 0 0 0 0
ox 022 028" " 0x1 T " 922" " 008 [

2.4. Weighted Sobolev spaces. Let d,(z) = dg(x,08) be the distance to the boundary with
respect to g; the boundary is assumed smooth, so d is as regular as g near 9). We will work with

K, = span {

uniformly equivalent metrics in a bounded open set U in the space of C™(2) (m > 2) Riemannian
metrics such that ||dy||cm is uniformly bounded near 0Q2. We will establish a framework uniformly
across Uy in what follows.

Let Vo = {z € Q : dy(z) < ro for some g € Up} be a thin regular collar neighborhood of 0€.
There is 7o € (0, %) sufficiently small so that a neighborhood of Vg, is foliated by smooth (as regular
as the metric g is) level sets of dy and that dy(z) < & for all z € Vi and g € Up.

Let 0 < 71 < rg be fixed. Define a smooth positive monotone function g : (0,00) — R such that
p(t) = e Y for t € (0,r) and p(t) = 1 for t > ry. Let N be a fixed large number, chosen so that

(2.11) N > max{4(4k — 3),4Cy}

where Cj > 0 is the constant appearing in (5.3). While the discussion in this section holds for all
k < m, in this paper we only apply (2.11) of the case k < 2 in the variational argument in Section 5.

Notation 2.5 (Exponential weight function). Let p, be the positive function on € defined by
pg(x) = (po dg(x))N-

1
Let L%q (€2, g) be the set of functions or tensor fields u such that |u|p? € L?(£, g) with the norm

defined by
Y
lallzz = ( [ 1Posdig) "

11
The pairing <u,v)L%g(Q79) = (upg,vpg)r2(a,g) makes L%g(Q,g) a Hilbert space. Let Hflfg(Q,g) be
the Hilbert space of functions or tensor fields whose covariant derivatives up to and including order
k with respect to g are also in L,%q (2, g) with the norm defined as (where I is a multi-index)

k k
i = D IVHulEs 0y = 3 [ 17500y d
7]=0 17]=0
By [7, Lemma 2.1], H*(Q,g) (and hence C*(Q)) is dense in H/]fg(Q,g). We note that the tensor
fields in H*(Q, g) are the same across ¢, and while we can further shrink 4y so that the norms are
equivalent for g € Uy as well, the weighted norms H ;fg (€2, g) may not be equivalent as g varies in
Up. (Note that they would be equivalent if p were a polynomial weight function, i.e. p(t) =t near
the boundary, and such a weight can be used for simplicity to establish the finite regularity results
[5, 7].) We often suppress 2 and g from the notation when it is clear from the context.
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1
It is useful to compare the norms ||ul| = and ||upg || g=. We shall show that u € H;fg implies
Py

1
lupg |l < Cllully, »

where the constant C' is uniform in Uj.

We begin with basic lemmas for which we work at a fixed metric g € C¥(Q) and write d = d,
and p = py; we note explicit dependence of the constants in the estimates so that the estimates
will hold uniformly across Uy.

Lemma 2.6. Let N > 1. There is a constant C > 0 independent of N (depending only on k,
[ 1og ol (ry o)) @nd Hd”c*(vT;ﬂ such that

V*(p7)| < ON*pzd 2",
holds on €.

Proof. By direct computation,

1Np2d—2vd if 0 < d(z) <r
1
(2.12) V(p2)(z) =< LNp2d=2(d2(log p)'(d)) Vd if r1 < d(z) < r
0 if d(z) > rg
This implies the estimate for k = 1. The estimate for k£ > 1 follows from induction. O

Lemma 2.7. Let N > 1. There is ro € (0,71) independent of N (depending only on |]Ad||co(79))
such that if 0 < d(z) < 12, we have

(2.13) %NQd—‘*p < Ap.
Proof. By direct computation, for 0 < d(z) < rq,
Ap = N?dp(1+ N~'d*Ad — 2N~1d).
If ro is sufficiently small, for 0 < d(z) < rq,
L+ N'PAd = 2N 71 > 1 = 3| Ad| oy — 272 > %
g

In the next lemma we use a cutoff function § = ¢, to handle estimates near the boundary. Let
0 < & <1 be smooth with £ = 0 on the compact subset {z € Q : dy(x) > r2} and §, = 1in a
collar neighborhood {x € Q : dy(x) < ry/2} of 0Q with |[VE|, < 4/r2. In the following lemma, u
can be a function or a tensor field.

Lemma 2.8. For j € Z,, and for u € C7(Q), if N > 4(4j — 3), then

Y 4\’ :
/QS\UI% Ypdp, < (N) /Qflvjuppdug

] +1—1
> (s T up(| Vel |2,
— N Q Lay
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Proof. Multiplying ¢|u|?d=%%4 to (2.13) and noting |Vp| < Nd~2p and d < 1 in the supports of &
and V¢ by (2.12), we have

1 oy Y
2N2/§yu\2d Ypdu, < / ElulPd Y Apdp,
Q Q
< [ [2€Vulluld 7 4 (45— €fald 4 (9|l d ] V] d
Q
<N / (26| Vul[uld™ 2 4 (4) — 4)¢Jul?d Y 1 [VE[[uPd™ 2] pdpy
Q

<N (<4j =3) [ lulPapdug+ [ EVuPd I + s;pﬂvsrwﬂ‘”)uuuig) ,

where we applied the AM-GM inequality in the last inequality. Absorbing the first term into the
left hand side, we have

Y 4 Y 4 Y
/ glul*dYpdpy < < / §IVul*d= " p dug + < sup(IVEld™Y ) ul |z,
Q Q Q p

This proves the case j = 1. The case j > 1 follows by induction.

d
Corollary 2.9. Let u € H¥(Q) and N > 4(4k — 3). For j =0,1,...k,
Q
where C' depends on N, j and ro.
Proof. By density, it suffices to prove the estimate for u € C°°(Q). By Lemma 2.8,
/IVk_qud_Mp dyug
Q
= / E\VFIulPd Y p dpy, + / (1—&)|V*u|?d ¥ pdu,
(2.14) . .
(v j/ EIVFulPp + ZJ: AR sup(|VE[d™H2) [ VE |7
AN/ Ja o\ Q X
+sup((1 = )47 ulf.
This implies the desired inequality. (|

Proposition 2.10. Let u € H;,“(Q) and N > 4(4k — 3). Then
1

lup? | gy < Cllull s,

where C depends on N, k, r2, [[10g pllcr(iry re)) and ||| cr ) -

Proof. Recall

k
1 : 1
lupz |2 =Y IV (up2)[3.
j=0
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We may assume u € C*(2), using density. By Lemma 2.6, for some constants C;;,

IV (up?)| < |Vulp> +Z%|Vﬂ | |V (p2)]
=1

J
< [Viulps +C Y NIV tu|d % p3.

i=1
Therefore,
i1 i1
IV ) = [ 199t
< 2/ \Vul?pdu, —l—CQNQJZ/ (VI u2d Y p dpy.
Q — Ja
This implies the desired estimate by Corollary 2.9. g

2.5. Weighted Holder spaces. Here we follow the idea of [3] to consider weighted Holder norms
in small balls By,)(z) that cover . The weight function ¢ = ¢, satisfies the following properties
with uniform estimates across g in a C™(£2) neighborhood Uy. We suppress the subscript ¢ in
¢,d, p, V, when the context is clear. Recall the neighborhood Vg, defined in the previous section.

Proposition 2.11. For g € Uy, we define ¢(x) = (d(z))? in V. There exists a constant C' > 0,
uniform across Uy, such that we can extend ¢ to Q with 0 < ¢ < 1 and with the following properties.

(1) ¢ has a positive lower bound on 2\ Vo uniformly in g € Uy, and for each x, By, () is
contained in a coordinate ball of €.
(2) For xz € Q and k < m, we have

6"~V p < C.
(8) For x € Q and for y € By(y)(z), we have
C™'ply) < p(z) < Cp(y)
C™'o(y) < d(x) < Co(y).

Proof. (1) is obvious. (2) follows by Lemma 2.6. It is clear that (3) holds for x € Q \ V and
Y € By(y) (), since both p and ¢ have positive uniform lower bounds. For x € Vo and y € By, (),
the triangle inequality implies d(z) — ¢(x) < d(y) < d(z) + ¢(x). The desired estimates follows
since ¢ = d? and d < % in V. O

(2.15)

Let r,s € R and ¢ = ¢"p°. For u € C{Zf‘(Q), we define the weighted Holder norms [|u| sx.q ¢ by

45:4’(9)

HUHCM = sup Z@ )| Viul| cog (Bygoy (z)) T P2 )¢k+a($)[Vgu]o,a;3¢(,)(x)

Note that ¢ is to make the norm scaling invariant with respect to the size of the ball. The weighted
Holder space C’gg(Q) consists of C"*(Q) functions or tensor fields with finite ng(Q) norm. If

u € Cg’g(ﬂ), then v is dominated by ¢! in the sense that u = O(p~!) and Viu = O(p~t¢~7)
near the boundary. The norms are equivalent to those introduced in [3, Appendix A] (cf. [6]).
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Note that differentiation is a continuous map from C’ , to C’¢ W . Foru € C’k Q(Q), v e Ch(Q)
we have uv € de(Q) with

HUUHC{;:;(Q) < C”“Hcg:g(g)HU”ck,a(ﬁ)

where C depends only on k. Furthermore, using Lemma 2.6, it follows that multiplication by p is

k k,
a continuous map from C “ » to crr .

Dpp~
We will use the followmg Banach spaces By (€2) (for functions or tensor fields):
_ ko 2 —
Bi(Q) = C¢’¢4ik+%pi% Q)N Lp,l(Q) (for k =0,1,2)
3, 1
B3(Q) - ¢,¢1+%p% (Q) N Hp (Q)
4,a 2
84(Q) - C¢,¢%p% (Q) N Hp(Q) )
with the Banach norms:
lull g, () = HuHck,a%Hﬂ ot ||UHL§71(Q) (for £ =0,1,2)
[N 2p 2

Xl = 1Xllgae (@ + Xl

0.0 T2 2
1 llBaey = [fllgte @) + 11200
6,673 p2
It is clear that these Banach spaces contain the smooth functions with compact supports in €2, and
that BQ(Q) C Bl(Q) - Bo(Q)
We will frequently use the product norms:

1 V)llso x5, = [[¥llo + 1V 15
17, w88, = A5, + Wl
I XM Baxss = 1 Fllss + 11X |55

3. LOCALIZED DEFORMATION WITH THE NO-KERNEL CONDITION

In this section, we show how to locally deform an initial data set while controlling the dominant
energy inequality. To do this, we employ a modified constraint operator to handle the first order
change in |J|, under the perturbation.

The modified map

O (3,7) = B(y,7) + (0, Ly - (divym + W)
differs from the usual constraint map only by a term of lower order in derivatives and hence has
similar analytic properties as the usual constraint map. In particular, we have the following local
surjectivity theorem. The proof, which is deferred to Section 5, is a straightforward modification of
the proof for the constraint map in [7]. In our proof, we obtain uniform estimates in a neighborhood
of an arbitrary initial data set, which sharpen the estimates in [7], for the usual constraint map at
a fixed initial data set or in a neighborhood of the flat data.

Recall that we let  be a compact manifold with smooth boundary, with € the manifold interior
of Q. For notational simplicity, we denote D®W

by (DO} )"

(9.m) = D<I>(g ol |(9,7) and its formal L* adjoint operator
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Theorem 3.1. Let (go,m0) € CH¥(Q) x C3%(Q) be an initial data set, and let Wy € C%%(Q) be a
vector field. Suppose that the kernel of (D@ggmo))* is trivial on Q. Then there is a neighborhood U
of (g0, o) in C+*(Q) x C>*(Q), a neighborhood W of Wy in C%%(Q), and constants ¢ >0, C >0
such that for (g,m) e U, W € W, and for (1, V) € By x By with ||(¢,V)||B,xB, < €, there is a pair

of symmetric tensors (h,w) € Ba x By with ||(h,w)||By,xB, < C|(¥,V)||ByxB, such that the initial
data set (g + h, 7™+ w) satisfies
(I)E/I;,ﬂ-) (.g + h7 T+ w) = q)gﬂ—) (gv 71‘) + (2% V)>

where the weighted norms are taken on ) with respect to g.

Remark 3.2. Rewriting the identity @gﬂ) (g+h,m+w)= @gﬂ) (g,7) + (2¢,V) in terms of the

usual constraint map, we see that (h,w) solves
®(g+h,m+w) = 0(g,7) + (24, V) — (0, 3R - (divgm + W)) .

The following computational lemma gives the motivation behind our definition of the modified

map.

Lemma 3.3. Let (g, m) be an initial data set. Suppose the initial data set (g, 7) = (g + h, 7™+ w)
satisfies

O (g +hym+w) = (g,7) + (20, V).

If |h|g < 3, then
fi—1Jlg>p+9—|J+ Vg,

where (@i, J) and (u,J) are the mass and current densities of (g,m) and (g, 7), respectively.
Proof. Denote by Y = J 4+ V. By Remark 3.2,
g=p+1v and j:Y—%h-Y.
We compute the norm of J with respect to § below:
T2 = (g+h) (Yi — %(h : Y)’) <Yj - %(h - Y)J')
= (g + h)yj (Y@'Yﬂ' ~Yh-Y) + i(h Y)i(h- Y)j>
= Y2+ hi;YY7 — giVi(h - YV) — hYi(h-Y)!
+ im Y2+ ihij(h Y)i(h-Y)
= VR~ IR+ ghi(h Y)Y (Y
<|Yl;.
g

Theorem 1.1 directly follows from Theorem 3.1 (setting Wy = 0) and Lemma 3.3. In particular,
by choosing V' =0 and ¢ > 0 on § with [|¢||, sufficiently small, we have an immediate corollary.
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Corollary 3.4. Let (9, go,m) be as in Theorem 3.1, with Wy = 0. Suppose that (go, m0) satisfies
the dominant energy condition. Then there exists (h,w) € Ba(S2) x Ba(€2) such that the initial data
set (g,7) = (go + h,mo + w) satisfies the strict dominant energy condition ji > |J|5 in Q.

Definition 3.5. In the sections which follow, we will consider estimates where some parameter
fields (initial data sets, auxiliary cutoff functions) may be allowed to vary. In the case where we
can choose a single constant so that the estimate holds for all nearby parameter fields (with respect
to specified norms), we say that the constant depends locally uniformly on the fields.

We apply Lemma 3.3 to initial data sets which may not satisfy the dominant energy condition
but have an error from interpolation. The following computational lemma suggests an appropriate
choice of (1, V') to absorb the error term.

Lemma 3.6. Let (g1,71), (92, ™) € C>%(Q) x C%%(Q) be initial data sets. Let 0 < x < 1 be a
smooth function such that x(1 — x) is supported on a compact subset of Q. Denote by (g,m) =

x(g1,71) + (1 — x)(g2,m2). Let
(24, V) = =®(g, ) + xP(g1,m1) + (1 — x)®(g2, m2) + (200, 0)

for some g € By. Then

1@, V)llsoxs, < CUNXM = X)lIBo + 1VXIB)II(91 = 92, ™1 — m2)[[c2.0 00220 + ([0l 54

where the constant C' depends locally uniformly on (g1,71), (g2, m2) € C**(Q) x C%*(Q) and on
X € C%%(Q), and the norms are taken on Q0 (with respect to a fived metric, say gi).

Furthermore,
|+ Vg = IxJ1+ (1 = x)J2lg
< X[J1lgy + (1= x)[2lgy + x(1 = x)(l91 — 92lg: [J1]g1 + |91 — g2lg[2lgn )
where J, J1, Jy are the current densities of (g, ), (g1,71), (g2, m2), respectively.

Proof. The estimate of (¢, V') follows by Lemma A.2. The inequality for J + V follows by direct

computation:

IxJ1+ (1= x)J2lg < x|J1lg + (1 —x)|J2]g
(3.1) §X|J1|gl+(1*X)|J2|gz
+ X(l - X)|gl - 92|g1|‘]1’91 + (1 - X)X‘gl - 92‘92|J2|g2-
O

We now prove Theorem 1.3 for £ = 0, and the version of higher k is handled later in Section 6.4.
The statement can be expressed more precisely as follows.

Theorem 3.7. Let (g, m) € CH*(Q) x C>*(Q) be an initial data set. Suppose that the kernel of
(D<I>(()gO 7r0))* is trivial in Q. Let 0 < x <1 be a smooth function such that x(1 — x) is supported on

a compact subset of Q. Then there exists a neighborhood U of (go, 7o) in C+*() x C>*(Q) and
e > 0 such that for (g1,m1), (g2, m2) € U, if we set (g,7) = x(g1,71) + (1 — x)(g2,72), there exists
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(h,w) € Ba(2) x Ba(2) with ||(h,w)||ByxB, < € such that the initial data set (g, 7) = (g9 + h, 7™ +w)
satisfies

B—Jlg > x(pr = [Jilg) + (1 = x) (2 — [Tl gy)-

Proof. Let U, W, € and C > 1 be as in Theorem 3.1 (with W = 0). Choose (¢, V) below, as in
Lemma 3.6,

(24, V) = =®@(g,m) + xP(g1,m1) + (1 — X)®(g2, m2) + (290, 0),
where 19 € By is a smooth function, positive on Q, with |[1o[|5, < 5. For U sufficiently small, we
have V-€ W and ||(¥,V)||syx5, < & by Lemma 3.6.
Applying Theorem 3.1 gives (h,w) that satisfies

Ol (g +h,m+w) = f,_(g,7)+ (20, V).

The mass and current densities (fi, J) of the deformed initial data set (g, 7) = (g + h, ™ +w) satisfy,
by Lemma 3.3,

p—1Jg=p+v—|J+V]g=xpu + (1= x)p2 + o — |xJ1 + (1 — x)J2|g-

Applying Lemma 3.6 to estimate the last term yields

= 1J1g = x(p1 = [ilg) + (1= x)(p2 = |J2lg,)
+ 1o — X(l - X)(‘gl - 92‘91|J1’91 + ’91 - 92’92’J2‘92)'

Because ¢y > 0 on Q and x(1 — x) is supported on a compact subset of €2, we have, by further
shrinking U if necessary,

Yo > x(1 = x)(lg1 — g2lg: [J1lgs + 91 — 92lgalJ2]gs)-
[l

Remark 3.8. It is clear from the proof that we can obtain the strict dominant energy condition
in © by choosing 1)y strictly greater than the error term. Also, the theorem still holds if x(1 — x) is
supported in Q with an appropriate fall-off rate toward the boundary so that it can be dominated

by .

As another application, we provide a refined version of the density-type results with the domi-
nant energy condition. A density-type theorem says that given an asymptotically flat initial data
set (M, g, ), there exists a sequence of initial data sets (M, gx, ;) with the desired asymptotic
properties, e.g. harmonic asymptotics (cf. [11, Theorem 18]), such that (g, ;) converges to (g, )
in some appropriate topology. If (g, ) satisfies the no-kernel condition, then the approximate se-
quence can be made to be identical to (g,7) in a fixed compact set. The reason is that an initial
data set interpolating between (g, 7) and (g, 7x) would utimately satisfy the no-kernel condition
in a fixed compact set for k sufficiently large, so one can perform the localized deformation to
reimpose the dominant energy condition.

Corollary 3.9. Let (M, g,7) be a C’flo’? X Cf’o’? asymptotically flat initial data set with the dominant
energy condition. Let Br be a coordinate ball of radius R. Suppose the kernel of (Dq)(()gomo))* 18

trivial in Br, \ Br,, R2 > Ri. For any sequence of asymptotically flat initial data sets (gg, )
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with the dominant energy condition that converges to (g, ) in Cfés‘(M) X CEDS(M), there exists ko

and a sequence (g, T) € Cfog(M) X CIQOCO“(M) with the dominant energy condition for k > ko that
converges to (g, ) in C2*(M) x C2*(M) and

loc loc

(G, 7x) = (g, 7) in BR,
(G, Tk) = (9r> k) in M \ Bg,.

Remark 3.10. Clearly from the proof we can reverse the roles of (g, 7) and (g, 7%) and construct
the converging sequence of initial data sets which is (g, 7) outside Bg, and is (g, 7x) in Bg,.

4. GLUING IN THE ASYMPTOTICALLY FLAT REGION

In this section, we prove gluing results with the dominant energy condition for initial data sets
that are arbitrarily close to the flat data. We focus on the three-dimensional case since our examples
of admissible families are in three dimensions (see Section 4.2), but the analysis presented here can
be generalized to higher dimensions. Please refer to Appendix B for the definitions of asymptotically
flat initial data sets and the ADM integrals.

4.1. Rescaling. Given any pair of asymptotically flat initial data sets defined on the exterior of a
ball in R?, they are both close to the flat data on Ay for R large, by the asymptotic flatness. Hence
the error from interpolation between those two initial data sets is small enough, for R sufficiently
large, so that the localized deformation is applicable. Instead of working on Ag, it is convenient to
perform the analysis over a fixed region A; via rescaling.

Notation 4.1. Let By be an open ball of radius R in R3. Denote by Ar = Bagr \B73 the open
annulus. Let x be a smooth cutoff function that is x = 1 on By and x = 0 outside By with x(1 —x)
supported on a compact subset of A;. Denote by xr(y) = x(y/R) the rescaled cutoff function.

We make some general remarks on rescaling. Let (g, ) be an initial data set on R?\ B. Here we
write 7 as a (0,2) tensor with the indices lowered by g. Let Fg: Ay — Agr be the diffeomorphism
sending « — y = Rx. Define the rescaled initial data set on Aj, via pullback, as follows:

g™ = RF}yg, aft = R71F}r.
Noting (Fg)« (04i) = RO, in coordinates we have

9" (0,1, 045) () = R72g((Fr)+(031), (FR)«(020)) (y) = 9(Dyi, 0,) (v)
(0,4, 043) () = R ((FR)#(0,1), (FR)«(045)) (y) = R (Dyi, 0, ) (y).-
The constraint operator is scaling invariant in the sense that
o(g", 7" = R*FRr®(g, 7).

If (g, 7) is asymptotically flat at the rate (g, qo) with respect to y, then the rescaled initial data
sets on A; satisfy

l9ff =05l <CR™9,  |nfi| <CR™,  |&(¢".x™)| < CR7I7®
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and for a multi-index I with |I| < k,
0195 ()| = |R19; gij(y)| < CR™
05l ()| = | R0 mi(y)| < CR™,

where C' depends on ||g — QEHCE(](AR)v ||7r||0517q(AR).

The following computational lemma says that the interpolation between p and J gives the
interpolation between the dominant energy inequality, up to a controllable error term. The lemma
will be applied to initial data sets on A; that come from rescaling.

Lemma 4.2. Let (g1,71), (g2, ™) € C?>* (A1) x C?>*(Ay) be initial data sets on Ay. Suppose C1 > 0
is such that

(g1 — g2, ™1 — m2)|| 2.0 x o200 < C1RTY.
Let (g,7) = x(g1,m) + (1 = x)(g2, 72), and let
(2, V) = =®(g,m) + x®(g1,m1) + (1 = X) (g2, m2) + (2o R~ ~*,0),
for some g € Bo(A1). Then
(4.1) (4, V)|l Boxs, < CR™™n{@:1H0),

where C' depends on C1, [[vo|[8o, [[X(1 = XI5y, IVX||B, and locally uniformly on (g1, m1), (92, 72) €
C?9(A;1) x C**(A1) and x € C*%(A1). Note all norms are taken on Ay, with respect to a fived
metric, say gi-
Furthermore, if ||Ji||co + || J2]lco < C1R™Y"%, and if there exists (h,w) so that the initial data
set (g,m) = (g + h, ™+ w) satisfies
Dy (9 -+ b+ 0) = By 1y (9,1) + (20, V),
with |h|y < 3, then

i—1J0g > x(u — [Tilg) + (1= x)(p2 — |J2lg,)
(4.2) 2 - —1—
+ (o = 207X (1 = X)R™) RT7%,

where (ji,J), (ji1, J1), (fi2, J2) are the mass and current densities of (g,7), (g1,71), (g2, T2), respec-
tively.

Proof. By Lemma A.2, we have the following

120, V)l Boxs, = [IX®(g1,m1) + (1 = X)P(g2, 72) — (g, 7)||5ox3, + [[2¢00]l5, R~ %
<CR™ min(g,14qo)

By Lemma 3.6, we have
]+ Vg < x| Jilg: + (1 = x)|J2]g.
+ X(l - X)(‘gl - 92‘91|J1|g1 + |gl - 92|92|J2‘92)'
Lemma 3.3 gives fi — |J|3 > p+ 1 — |J + V|4, so that inequality (4.2) follows using

fi=xp1+ (1= x)po + PRI,
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For R large, the rescaled initial data set (g%, 7f) on A; is close to the flat data (gg,0). Hence
the adjoint of the linearized operator at (¢t, 7*) has an approzimate kernel comprised of the ten-
dimensional kernel K of the flat data (see Example 2.4), in the sense that elements of unit norm
in K are mapped by the adjoint operator at (g%, 7f) to elements of small norm. Thus there is
no uniform coercivity estimate for the adjoint operator at (¢%,7%) as R tends to infinity. The
following theorem, whose proof is deferred to Section 6, says that the modified constraint operator
can be solved transverse to the approximate kernel.

Let K be the kernel of (D@ng))*, which is finite-dimensional by Proposition 2.2. Let Uy be
a bounded neighborhood of a Riemannian metric gg, as in Section 2.4. We fix a smooth bump
function ¢ supported in €y C €2, where the compact set §)g is chosen so that p;, = 1 on () for all
g € Up. Denote by S, the L%(dpy)-orthogonal complement of (K. Let I, : By x By — (Byx B1)NS,
be the L?(du,)-orthogonal projection.

Theorem 4.3. Let (go, m) € CH*(Q) x C>*(Q) be an initial data set, and let Wy € C>*(Q) be a
vector field. There is a neighborhood U of (go, 7o) in CH*(Q) x C3%(Q), a neighborhood W of Wy in
C?%(Q), and constants e > 0, C > 0 such that for (g,7) €U, W € W, and (1, V) € By(Q) x B1(£2)
with ||(¥, V)| |ByxB, < €, there is a pair of symmetric tensors (h,w) € Ba(§2) x Ba(2) such that the

initial data set (g + h, 7™+ w) satisfies
Iy, o ng) (g+h,m+w) =1, o (I)E;/,w) (g,m) + 1Lz (29, V)
with
[[(hy w)l[B2 x5, < ClMgy (¥, V)80 x5, -
Here the weighted norms are all taken on Q with respect to g. The solution (h,w) € Ba x By depends
continuously on (1, V') € By x By.

We now apply this in the setting we study here, interpolating p and J.

Proposition 4.4. Let (g1,m) and (g2, m2) € Cflo’g X C’lgog‘ be asymptotically flat initial data sets at
R

the rate (q,q0) on R3\ B. Consider the corresponding rescaled initial data sets (g, 7f), (g%, 7L
on Ai. Define the initial data set

(v, 77) = x(o1', 7f") + (1 = x) (95", 75").
Let
(297, V) = =@ (", ) + x@(gf', mi") + (1 = x) (957, 75) + (20 R™17%,0)
for some g € By. There is Ry > 0 and C > 0, depending only on gg, X, ||YollB,, (g1 —
gE’Wl)HCE’;’XCi’{’_q’ (g2 — g]E’Wz)HCi’;’xCi’f_q’ such that for each R > Ry, there exists a pair of

symmetric tensors (¥, w®) € By(A1) x Ba(A1) such that the initial data set (v + hE 787 + wf)
satisfies

R R
Mg, 0 @0 (Y + 15, 7% 4 wh) =Ty, 0 @ ) (V7 75) + Ty (207, VF)

with the estimate

(43) |(A, ) gy, < CR @),
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Proof. Apply Theorem 4.3 with (go,79) = (g9g,0) and Wy = 0. By Lemma 4.2 and Lemma 6.1, we
have for R sufficiently large V € W and

Ty, (8, VEY || gyxs, < CR™Mn@IH0) < ¢
Therefore we can apply Theorem 4.3 to solve for (A, wf) with the estimate (4.3). 0

4.2. An admissible family and gluing. As observed in [7], the 10-dimensional approximate
kernel in the asymptotically gluing is ultimately connected to the 10-dimensional parameter space
of an admissible family. An improved rescaling argument to handle a more general situation is
discussed in [2]. However, since neither paper states in sufficiently explicit terms the requisite
conditions on an admissible family that can be used to model the asymptotics of initial data sets
by asymptotic gluing, we proceed to do so now.

In order to handle initial data sets whose center of mass and angular momentum integrals may
not converge, we define the center of mass and angular momentum integrals of (g, ) at the finite
radius R as

0
R _
€ = 167 oxk )

It is clear that C%, J% are continuous in R. If (g ,7r) is asymptotically flat at the rate ¢ =
go = 1, then (C®,J®) = O(log R) as R tends to infinity. For other values of ¢, qo, (C¥,J%) =
O(R'~min{lL,a0.2a=1}) " Note that if (g, 7) satisfies the Regge-Teitelboim conditions, then (C%, 77)
converges to a pair of vectors (see, e.g. [7, 8, 14, 15]). We denote a = min{1, qo,2¢ — 1} € (0, 1].

B( ($i70)7 ij_ B(gﬂ)(o T X

g,m)

Definition 4.5. Let (g, 7) € Chrhe o OFF39 he an asymptotically flat initial data set on R3\ Bg,,

loc loc
at the rate (¢, qo). Let S = {(¢7,7%)}geo be a family of CFHH x ¢FF3

loc o asymptotically flat initial
data sets defined on R?\ Bg,, where the components of § = (E?, P?,C? 7?) are the ADM energy,
linear momentum, center of mass, and angular momentum of (g%, 7%). The family S is said to be an
admissible family for (g, ) if the following properties hold, with respect to a fixed asymptotically
flat coordinate chart:

(1) The map (¢?,7%) ++ 0 € © = ©1 x O3 is a homeomorphism where ©; C R*, O C RS are
open sets such that ©; contains (E, P) of (g,7) and O3 = Ug>pg,OF where ©F is the ball
centered at (C¥, 7)) of radius R'~%log R.

(2) (g%, 7?) satisfies the following uniformity conditions: there is a constant x > 0 such that for
0 €O x @g and for all R > Ry,

0 0
(9" — gr, 7 )HC2 (R3\BR)xCL,_ (R¥\Bg) < K

(4.4)
1(u?, I Neo, oo ®3\Bg) <F
and
Bl poy (¥, 0) — 16mC| < k[0 R~
(4.5) o
Bl 5oy (0, % 57 — 81 77| < k|O]*R7L.

Remark 4.6. The definition of the parameter set ©1 x ©F is set up in a way so that 6 can be large
enough to account for the error terms from (C®, 7%) and from the right hand side of (4.5), which
may compete with largeness of 6. This subtle balance shows up in Lemma 4.8 below in the degree
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argument. We remark that in Definition 4.5, the term |§|? appearing in (4.5) can be replaced by
|0]"2 for ke > 0. If ¢ = go = 1, the same parameter set O X @§ is still valid. For other values of
q, qo, the radius of O needs to be modified accordingly, depending on 5. This can be done by
tracking the exponents in the proof of Lemma 4.8.

Example 4.7. Let (g, 7) be an asymptotically flat initial data set with E > |P|. Let © = ©; x RS,
where (E, P) € O is a precompact open subset of {(a,b) € RxR3 : a > |b|}. There is an admissible
vacuum family Skerr = {(g?, 7%)}geo for (g,7) obtained from the Kerr spacetime. Condition (1) is
shown in [3, Appendix F|. Inequalities (4.4) in Condition (2) follow from the asymptotic expansions
of (g%, %) and compactness of ©;. Inequalities (4.5) follows from a standard argument: by the
divergence theorem, B(Iz(,m,,)(xk,O) - 167rC,2 = fM\BR z* Zm(gfj’ij — g?i,jj) dz. The estimate then
follows by using the constraint equations to rewrite the integrand and estimate the resulting terms
in an obvious way. The inequality for the angular momentum can be obtained in the same fashion.

The same argument would also allow us to find an admissible non-vacuum family Skerr-Newman =
{(¢%,7)}gco for (g, m) obtained from the Kerr-Newman spacetime for each fixed pair of electric

and magnetic charges. ([l

Admissible families will be used in an asymptotic gluing construction in Theorem 4.9 below,
and we want to highlight how the assumptions in Definition 4.5 will appear. The condition on the
parameter set G)§ is to handle the scaling in the center of mass and angular momentum components
of a map I, in order to be able to apply a degree argument as used in the following technical
lemma. The uniformity assumptions (4.4) and (4.5) will be used in the proof of the theorem to
establish the desired estimate of the error term I(?, as appears in the following lemma.

Lemma 4.8. Let ©1x O be as in Definition 4.5. Let I : ©1 xOF — R10 be a family of continuous
maps, continuously parametrized by R € (Rp, 00). Suppose that there is a constant C > 0 such that
for any 0 = (E?, P?,C% 79) € ©1 x ©F and any R > Ry,

77(0) = (B — B, P’ — P,R7'(C’ - c®),R"} (7% — T™)) + T5(0),
where
ICE| < ClogR
7% < ClogR
Z5(0)] < C(R™*(log R)? +|0]°R™).
Then for each R sufficiently large, there exists 6 € ©1 x O such that Tt(0) = 0.

Proof. Let 0t = (E, P,CT, J%). We first translate and rescale ©1 x ©F, in order to employ a
degree argument over sets centered around the same point. Suppose ©1 contains the ball centered
at (E, P) of radius € for some € > 0. Let T : B.(0) x Bg-a1og p(0) = ©1 x ©F be given by

TE(v,w) = (v, Rw) + 6.
The composition map satisfies

TR o TR (v, w) = (v, w) + I o T (v, w).
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Hence, for R sufficiently large, we have
178 o TR (v, w) — (v,w)| < C(R"*(log R)? + | T (v, w)[2R™2) < R*log R,

where we use that § = TR(v,w) € ©1 x O and hence |§] < C|R'~%log R|. The rest of proof follows
from a standard degree argument (see, e.g. [16, Lemma 5.2]).
g

We now restate Theorem 1.4 for kK = 0 in a more specific form and give a proof. The version for
higher k is discussed in Section 6.4

Theorem 4.9. Let (g,7) € 0140’? X Cl:i’? be an asymptotically flat initial data set at the rate (g, qo)

on R®\ B with the ADM energy-momentum (E,P). Let ¢ > 0. There is a constant Ry > 0 such
that for R > Ry, there is an initial data set (g, 7) € C2% x C2* such that

loc loc

(gaﬁ-) = (gaﬂ-) in BR
(g.7) = (¢’,7%) in M\ Bag

for some (g°,7%) in the admissible family for (g,m), and (g, ) satisfies the dominant energy con-

Qi
3

)

dition
= Jlg = xr(p = J1g) + (1= xr) (1’ = |1 o)
with the strictly larger ADM energy E° > E and

P’ —P|<E’—E<e

Proof. We prove the case ¢ = qg = 1, as the proof for other values of ¢, gy is similar. Given R > 1
sufficiently large and @ € ©, we apply Proposition 4.4 with (g1, m) = (g,7), (g2, 72) = (¢%, 7%) and
(YE,78) = x (g%, %) + (1 — x)((¢D) 7, (79) ). Let 1pg € By(A;) be a fixed positive function in Aj.
Define (¢, V®), as in Proposition 4.4, by

(29", V) = @ (", ) + x2(¢", 7) + (1 = x)@((¢") ", (7)) + (2R 2, 0).

There exists (h¥,wf) € Ba(A1) x Ba(A1) (with the superscript 6 omitted) such that (g, 7%) =
(’yR + hf TR 4 wR) solves the following projected problem, for some radial bump function ¢ sup-
ported in Ay,

R _R - R
O n ny (577 — @ p ny (071 — (207, V) € (K,

where K is the kernel at the flat data (see Example 2.4). Fix a constant A > 0. We show that, for

each R sufficiently large, there exists § € ©1 x ©L such that

R _ _ R _ 1
ER(H) = (I)K/R’TR) (gRﬂ WR) - (I)XYR,TR) (7R7 TR) - (2¢R7 VR) - ()‘CR 2(10g R)2 ) 0) = 0.

Note that (hf',w®) is independent of \. We remark that the additional term (A{R~2(log R)%,O)
from the kernel will help to bring up the ADM energy and also keep the dominant energy condition.
It suffices to show that £%(#) is L?(dx)-orthogonal to K because K= is transverse to (K.
Consider the L? projection Z7(0) : ©1 x ©Ff — R!° onto K that sends 6 to (e, p,c,j) where
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P= (p17p27p3)7 C = (01702763)7 j = (j17j27j3):
R

°= Tor /. 5R(9) -(1,0) dx

pi = / SR aM)dac
k= 167 ER(Q) (z*,0) dz
Jo= 8% 5R(e) (0, x aie)d

The map Z* is continuous because (h®, w’) depends continuously on (0%, V®), which is continuous
in 0 by definition.
Expressing £(6) in terms of the usual constraint map, we have

£R(0) = (g%, 77) + £54(0) — (AR *(log R)?,0),
where
£5(0) = —x@(g™, 7") — (1 =) 2((¢")", (")) — 2R 72, 31" - (divyrr™ + V).

The L2 projection of ®(g't, 7t) is handled exactly as in the vacuum case; estimates of the projection
are included in Lemma B.1 for which we employ the uniformity conditions, in particular (4.5). The
L? projection of £4(6) is of lower order because by using (4.4) and the estimates for (A%, wf?) in
Proposition 4.4, we obtain |52R(9)|9E < CR™2. Because ( is radial, the L? projection of the last

term —(A(R2(log R)%,O) is non-zero only onto the kernel element (1,0), and we find
—92 1 N 1
MR %(log R)2 dz = 167AR %(log R)2 > 0,
Ax

where A := (167)! fAl A dxr. We then obtain, together with Lemma B.1, for § € ©; x O

M\»—A

77) = (E* — E,P? — P,R7Y(C? — C®), R} (7% — J%)) + ZF(9) — AR (log R)2,0)

where
Z{(0)] < C(R™ + 0P R™?).
By Lemma 4.8 with Z2(0) = ZR(6) — (AR~ (log R)2,0), there is 6 € ©1 x OF such that ZR(6) = 0
for R sufficiently large. Because the term ;\Rfl(log R)% dominates other error terms in the identity
TE(#) = 0 with a favorable sign, we obtain E < E? and |P? — P| < E? — E < € for R large.
Last, we verify the dominant energy condition for (g%, 7%) on A;. We have solved
R - R , 1
Oy (7 77) = B n oy (7,7 + (207 + ACR P (log R)2, V1),

Because A > 0, by Lemma 4.2, it suffices to show that on A;

o > 20 x(1 - x)R™.

Since 1) is positive in A; and x(1—x) is supported on a compact subset of A, the above inequality
holds for R sufficiently large.
O
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Another application is a version of the N-body initial data construction of [2]. Once the gluing
construction Theorem 4.9 is achieved, the proof of the N-body construction with the dominant

energy condition is essentially identical to [2] for the vacuum case, so we omit the proof.

Theorem 4.10. Let (My, g%, 7%), k = 1,...,N, be three-dimensional asymptotically flat initial
data sets that satisfy the dominant energy condition and have time-like ADM energy-momentum
vector (Ey, Py). Let Uy C My be compact subsets. There is g > 0 so that for 0 < € < ¢,
there is an initial data set (M, g, ) with the dominant energy condition which contains a region

N

U isometric to U (Ug, g¥), and the distances between distinct Uy, are O(e~'), and (M \ U,g,)
k=

has one asymptotzcally flat end identical to a Kerr initial data set, with ADM energy-momentum

(E, P) satisfying |E — Z Ey P — Z Py,
k=1 k=1

< € and < €.

5. DEFORMING THE MODIFIED CONSTRAINT MAP

In this section, we prove Theorem 3.1. The argument is similar to that for the constraint map |7,
Section 4.2]. We first solve the linearized equation via a variational approach with estimates and
then use iteration for the nonlinear problem. We also pay special care to ensure uniform estimates.
Throughout the section, the weighted Sobolev and Holder norms are all taken on €.

5.1. The linearized equation. The goal is to solve the following linearized system for given

(1, V)
D(I)F;Jr)kg,ﬂ') (h7 ’UJ) = (7/)7 V)

We recall that to simplify notation, we let D@gﬂ) = D@gw)\(gm), the linearization at (g, ).
Consider the functional G defined by

6073 = [ (5o |02l 130 = @0V (1.0 diy

Clearly the functional is convex. To derive the key coercivity property, we need some basic esti-
mates. Recall Ly f = —(Ayf)g + Hessy f — f Ric(g).

Lemma 5.1. Let go € C%(Q). There is a C?(Q) neighborhood Uy of go and a constant C > 0 such
that for g € Uy and for (f,X) € Hgg(Q) X H},g(Q),

(5.1) 10z, < € (1E5f Nz, + 115z, )

(5.2) 1XImy, < C (1P Xz, +1X]1z3, ) -

Proof. The uniform dependence of the constant C' on the metric in (5.1) follows from the proof
of [5, Proposition 3.1-3.2, Theorem 3]; in particular, one uses [5, Equation (13)] and the co-area
formula as in the end of the proof of [5, Theorem 3|, cf. [6, Proposition 3.1 and Remark 3.6].

For (5.2), it suffices to prove that there is a uniform constant C' such that

/QNQX‘QPg dpg < C (/Q Dy X |*pg dpig + /Q X 1% dﬂg) :
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The estimate for a fixed metric is obtained in [7, Proof of Lemma 4.1]. In their proof, an analysis of
the arguments in [7, pp. 201-202 and the first paragraph of p. 203] shows that there is a neighborhood
Up so that for X € Hgg (Q)

/Q Vo X 0y dpty

< (o <N2K2’,DgX’ngdﬂg‘i_/Q‘X‘ngdﬂg"i_/ﬂ’X’2dg4pgdﬂg>a

where Cy is independent of g € Uy, and N. It is important that the coefficient of the last integral

(5.3)

above does not depend on N. (Note that we use the exponential weight function py, instead of the
polynomial weight function, so the power of the distance function in the last term is different from
[7, p. 203].) The last term in the right hand side was handled by an indirect argument in [7]. Here
we apply (2.14) (with j = k£ = 1) in the proof of Corollary 2.9 to the last term and derive

_ 4
/ |X|2dg 4pgdﬂg < N </ |VgX|2pg dpg + C/ |X|2pg d#g) .
Q Q Q

The first term in the right hand side can be absorbed into the left hand side of (5.3) for our choice
of N in (2.11).
O

Lemma 5.2. Let (go,m0) € C2(Q2) x C1(Q) be an initial data set, and let Wy € C°(Q) be a vector
field. There is a neighborhood U of (go, 7o) in C%(Q) x C*(Q), a neighborhood W of Wy in C°(€),
and a constant C > 0 such that for (g,m) € U, W € W, and for (f,X) € Hgg(ﬂ) X H;g(Q), the
following estimate holds:

(54) G X sy, < € (1D ) (F, X s, + 105 Xz, )

Proof. The terms in (bemg/ﬂ)) (f, X) that have the highest order of derivatives are L} f and DyX.
Hence,

1231z, < € (1DBY )" (£, X)lza, + I1Fl1z3, + 1 X 1y, )

1DsX 3, < € (1D ) (f Xlza, + 10Xz, )

The desired inequalities follow from Lemma 5.1. U

Theorem 5.3. Let (go, m0) € C?*(2) x CY(Q) be an initial data set, and let Wy € C°(Q) be a vector
field. Suppose that the kernel of (D@ngo))* 1s trivial on Q). Then there is a neighborhood U of
(90, m0) in C2(Q) x CH(Q), a neighborhood W of Wy in C°(Q), and a constant C > 0 such that for
(g,m) e, WeW, and (f, X) € H2 () x H1 , (), the following estimate holds:

(5.5) 1, XNz, <z, < CINDPYG ) (f, Xz, -

Proof. The proof is a standard argument, but we include it for the reader’s convenience. Let U, W
be from Lemma 5.2. By shrinking the neighborhoods if necessary, we may assume that (D@E/gﬂ))*
has a trivial kernel on ) for (g, 7) € U, W € W. Suppose there were sequences (g, 7;) — (g, 7) in

U, W, - Win W, and (fk,Xk) S H2 X lek’

H(fkvXk)HHgka;k =1

for which
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but with
(DR (E ) (fes Xidllzz, — 0,

(gkzﬂ-k
1
where p; = pg,. By Proposition 2.10, the sequence (fi, Xi)p? is bounded in H?(Q2) x H' ().
By the Rellich theorem, upon choosing a suitable subsequence and relabeling, there is (f, X) €
HZ (Q) x HL () such that

loc

1 1
1> Xe)pge = (Fs X)pg |1 <22 = 0

(Since the H'(Q) x L?(2) norms are equivalent for g in a neighborhood of gg, the above conver-
gence can be taken, for example, with respect to g.) Because p; has a uniform positive lower
bound on any given compact subset of , it implies that (fx, Xi) converges in L2 _to (f, X) and

loc

(Dq)gﬁ))*(f,X) = 0 weakly and hence (f, X) is in the kernel of (D@E/Zﬁ))*. Thus, (f, X) = (0,0)
1

because the kernel of (D@gﬂ))* is trivial. Thus, (fg, Xi)p? converges to zero in H'(€2) x L?(Q2).

Lemma 5.2 implies ||( fx, X&)l H2, xH, 0 and contradicts our assumption. O

Remark 5.4. The above theorem is essentially the only place we need to assume that the kernel is
trivial. If the kernel were not trivial, the coercivity estimate would still hold transverse to the kernel.
More precisely, let S be a complete linear subspace of szg (Q) x H gg(Q) such that SN K = {0}
where K = ker (D@ggm)
holds for (f,X) € S. The only difference in the proof is that after showing that the sequence
(fx, Xi) converges to (f,X) € ker (DCIDY;/’W))* =: K’, one uses that K’ is also transverse to S for

sufficiently small neighborhoods U, to conclude (f, X) = (0,0).

)*. Then the above argument implies that the coercivity estimate (5.5)

We now apply the coercivity estimate to obtain the variational solution of the linearized equation.

Theorem 5.5. Let (go, mo) € C*(Q) x C3(Q) be an initial data set, and let Wy € C°(Q) be a vector
field. Suppose that the kernel of (D@Zg 7r0))* is trivial on §2. Let the neighborhoods U, VW and the

constant C' be as in Theorem 5.3. Then for (g,m) e U, W € W, and (¢,V) € Lz,l(Q) X Lz,l(Q),
g g

the functional G(f, X) has a global minimizer (f,X) € Hgg (Q) x leg (Q). Furthermore, (f, X) is
the unique weak solution of the linear system

(5.6) DOy 1y © pg(DP(y )" (f, X) = (4. V)

and satisfies the estimate
(5.7) I 20l i, < 200 V)i,
Proof. Theorem 5.3 implies that the infimum of the functional G is bounded from below because

1
G(£,%) 2 5l (F XD ey, = N V)i e

s e Il
By standard variational theory, e.g. as in [5, p. 150-152], the functional has a global minimizer
(f,X) e Hgg (Q) x leg (). Deriving the Euler-Lagrange equation for the functional G yields (5.6).
The estimate (5.7) follows because G(f, X) < 0.

O
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5.2. Weighted Schauder estimates. This section is devoted to derive the following weighted
interior Schauder estimates for the linearized equation.

Theorem 5.6. Let (go, m) € CH*(Q) x C3*(Q) be an initial data set, and let Wy € C>*(Q) be a
vector field. Suppose that the kernel of (D@ngo))* 1s trivial on ). There exists a neighborhood U
of (go, ) in C+*(Q) x C3%(Q), a neighborhood W of Wy in C**(Q0), and a constant C' > 0 such
that for (g,m) e U, W € W, and for (¢, V) € By x By, if (f,X) € szg(Q) X H;g(Q) weakly solves
the linear system

D@gﬂr) o pg(D‘IDE/Zm))*(f’X) = (,V),

then (f,X) € By x Bs and

(5.8) ||(f7X)H34><33 < C”(w’V)HBoXBl'
Furthermore, if we set (h,w) = pg(D<I>F;7T))*(f,X), then

(5.9) [ (hy w)lByxBy < Cll(%, V)IByxB; -

We set up the framework of Douglis-Nirenberg [10] for the interior Schauder estimate for an
elliptic system. Denote the linear system

Note the leading order terms of this operator are the same as the operator with the usual constraint
map. Hence L is strictly elliptic as a system of mixed order in the sense of Douglis-Nirenberg [10],
cf. [3, pp. 4-5], [7, p. 207]. In local coordinates, we write X = (X1 ..., X™) and set U to be the
vector-valued function

U=UYLYU?% ..., U = (f, X, ..., X").
Denote the jth component of LU by (LU); for j =1,...,n+ 1, which we express locally as

n+l 4 n+1

(LU); =Y > 0.0°U% = L U™,
k=1

k=118|=0

where Ljj, is the differential operator Lj, = ) 4 bfkaﬁ. Using the notation as in [10], we solve for
integers s1,...,8,41 and t1,...,¢,41 such that s; 4t is the order of the differential operator L
and such that s; = 0. This gives

s1 =0, t1=4, Sj:—l, tr =3 (j,k:Q,...,n—i—l).

By direct computation, the function bfk is a degree one polynoinial of p_lyep, 0<l<s;+ tj — ]
with coefficients depending locally uniformly in (g,7) € C**(Q) x C3%(Q) and W € C>%(Q). By
Proposition 2.11, we have the following estimate.

Lemma 5.7. The coefficients b?k satisfy

(e s <C
" C¢,¢Jsj+tk*m|(ﬂ) ’

where the constant C' depends locally uniformly on (g, 7) € C**(Q) x C>*(Q) and W € C>(Q).



LOCALIZED DEFORMATION WITH DEC 27

We have the following interior Schauder estimate. The proof follows from a scaling argument
as in [3, Appendix B] and is included in Appendix C, where we spell out the dependence of the
constant C.

Theorem 5.8. Let L be a linear differential operator on U = (U', ..., U™") such that the j-th
component of the operator L is defined by

n+1
(LU)jZZijUk, (Gj=1,...,n+1)
k=1

where Ljj, = leérrtg bfka is a differential operator of order s; + ti, with
S1 — 0, tl =4
Sj:—l, tr = 3, (j,k:Q,...,n—i—l).

Let p; = ¢" 474 p* for r,s € R. Then

n+l n+1 n+1
B SNy SO (IO o 10 o
j=1 <z> ¢ 1+ i
where C depends only on n, o,  sup Hb kH —sja , and the lower bound of ellipticity of
7,k=1,...,n+1 C¢¢ ]+tk \B\( )
1B1<s;+ti

the operator L.

Remark 5.9. We also note that higher order estimates take the form

n+1 A n+1 n+1
ZHU]HCZHJ’“(Q <C ZH (LO)jll oo "’ZHU]HH BNORE
j=1 () j=1 C it #j
where C depends only on n, o,  sup Hb HC/ sja @’ and the lower bound of ellipticity of
1< ot o)

the operator L.
Proof of Theorem 5.6. Applying Theorem 5.8 (with r = 5,5 = %) to the operator

L(f7 ) = Py lD(I)(g w)pg(Dq) g7r)) (fv )7

we have
n+1 .
Hchm , HXlgse = ZHUZHCti,a_
6.6% o2 0.0t 2o2  i= e
n+1 n+1 ‘
< C DO NEU)ill -sive +Z”UZHL2771 ,
i=1 ¢¢'L+ ’L i=1 ¢ *Pi
=0 o lgne oy Ve 4 lag, + 1X sz,
6,618 2 6,6°18 2 J
< C | ]l o T Vilgre A, +HXHL2

¢¢4+7p ¢¢3+7p
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The above Holder estimate, together with the Sobolev estimate (5.7), implies (5.8).

The estimate (5.9) for (h,w) follows because differentiation is a continuous operator from Ck’z
to C}y % and from HY, to HIZ. O
5.3. Solving the nonlinear problem by iteration. We complete the proof of Theorem 3.1,
which can be formulated more explicitly as follows.

Theorem 5.10. Let (go, mo) € CH*(Q) x C>*(Q) be an initial data set, and let Wy € C*%(Q) be
a vector field. Suppose that the kernel of (D(I)ggmo))* is trivial in Q. Let C be the constant from
Theorem 5.6. There is a neighborhood U of (go, 7o) in CH*(Q) x C>%(Q), and a neighborhood W
of Wy in C>%(Q), and € > 0 such that for (g,7) € U, W € W and for (1p,V) € By x By with
|(V, V)| |BoxB, < €, there exists (f,X) € By x Bs such that

(h,w) = Pg(Dq)(g w)) (f. X)
satisfies (h,w) € By x By and
(I)Y;,r) (g+h,m4+w) = @&’m) (g,m)+ (¥, V)
with ||(h, w)||By x5, < Cll(¥, V)5yxB; -
Proof. By Theorem 5.5, there exists (fo, Xo) € By x Bs such that (hg,wy) = pg(D<I>(g7T )*(fo, Xo)
solves D‘DZ,W)(hO’ wp) = (¢, V') and, by Theorem 5.6, the following estimates hold
oy w0) 18385 < ClW V) lmoss  [(for Xo)lmass < Cll o V) .
By Lemma A.3 we obtain that

197} ) (g, m) + (0, V) = (5 (g + ho, ™ + wo) |55,
= ||Q(g,ﬂ)(h0,w0)\|80x81 < D|(ho, wo) | B,x8, < DC?I|(%, V)l[y x5,

Write (y1,71) = (g,7) + (ho, wp). Note that v, is a Riemannian metric provided ||(ho, wo)||B,xB, 1S
sufficiently small. Fix & € (0,1). We set e sufficiently small so that DC2e! =0 < 1.
We then proceed recursively as in the following lemma, whose proof is included in Appendix D.

Lemma 5.11. Fiz (go,m) and 6 € (0,1). There exists a neighborhood U of (go,m) in CH(Q) x
C3(Q), a neighborhood W of Wy in C**(Q), and € € (0, ) depending only on 0 and €, such that
for (g,m) € U and for W € W the following holds. Suppose that m > 1 and we have constructed
(fo,Xo), ceey (fm 1, m—l) S 64(9) X Bg(Q), (ho,wo),. . (hm_1,wm_1) S BQ(Q) X BQ(Q) where
(hp, wp) = pg(Dé(vgﬂ) (fp, Xp) and (y1,71),-- -, (Ym, Tm) € C?9(Q) x CH*(Q) where v =g+
Z;f;é hy and 75 = m+ Zg;é wy. Assume that ||(¢,V)||ByxB, < € and that for all0 <p <m —1,

) )
(5.12) 1(For Xp) |Baxcss < Cll V)5 %, and  ||(hp, wp) | Baxss < ClW, V) 5%,
and that for all 1 < j < m,
1)
(5.13) e (g, 7) + (@, V) = Y (i) lBoxsy < (. V)55, -

If we define (hum,wm) = pyD(®} (9:7) V(fm, Xom) where (fm, Xim) is the variational solution to

D(I)E};W)pg(D(I)W ) (fmv m) q)(gw (97 ) (@Z}, ) V;/Tr)(’}/m,Tm),
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and if we set (Ym+1, Tm+1) = (Ym, Tm) + (Bm, W), then the estimates (5.12) and (5.13) hold for
p=mand j=m+ 1.

We obtain the series ) 2 (fp, Xp) converging in By(€2) x Bs(2) to some (f,X). Let (h,w) =
pg(Dégﬂ))*(f,X), then (g + h,m™ + w) satisfies the nonlinear system @Ygﬂ)(g + h,m+w) =

@gw)(g,w) + (¢7V) D

6. PROOF OF THEOREM 4.3 AND HIGHER REGULARITY

The proof of Theorem 4.3 is along the same line as the proof of Theorem 3.1 and Theorem 5.10 in
Section 5. Recall that Uy is a bounded neighborhood of a Riemannian metric gg, as in Section 2.4,
and the compact set o C 2 is chosen so that p; = 1 on () for all g € Up. Fix a smooth bump
function ¢ supported in Q. Denote by S, the L?(dpug,)-orthogonal complement of (K, where K is
the kernel of (D@gg’wo))*. Let I1, : By x By — (Bo x B1) NSy be the L?(dpu,)-orthogonal projection.

We begin with a basic lemma on the projection map. Throughout this section, the function

spaces are all taken on €2, unless otherwise indicated.

Lemma 6.1. There is a constant C > 0 such that for g € Uy,

Mg (4, Vllz2 | < Nl V)llz2

Pg Pg

1, V) iz, < @, V)2

g9 g9

MLy (0, V)liBoxsy < ClI(, V) llBox8: 5

1

1

where (¢7 V)L = (wa V) - Hg(d}a V) € CK
Proof. Because ( is supported in €0y where p, = 1, the following weighted orthogonality holds:
<H9(w7 V)v (d]v V)J_>L2_1(Q) = <HQ(¢’ V)v (wv V)J_>L2(Qo) = 0.
Pg

The first two inequalities follow by

I V)2 = (e VIBe 4+ 116 V)M

g9 g9 g

To establish the last inequality, we recall that all norms of the finite-dimensional space (K are

equivalent and the By x Bi-norms on (K are all uniformly equivalent to each other for g € Uy:

|’Hg(¢, V)HBO><B1 < H(¢7V)HBOXBI + H(”l/}, V)L||Bo><31
<@ V)llsoxsy + Cll (o, V) e
= @, V) lBoxss: + ClI (0, V) 2

Pg

1

< (L + O, V)l 5oxs: -

In the third line we use that ¢ is supported where p, = 1.
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6.1. The linearized equation. In this section, we solve the linearized equation for the operator
Iy, o @gﬂ). We again denote by D@g )= D@gw)](g,ﬂ) the linearization at (g, ).

Theorem 6.2. Let (go, ) € CH¥(Q) x C3%(Q) be an initial data set, and let Wy € C%%(Q) be a

vector field. There is a neighborhood U of (go, ) in CH*(Q) x C3%(Q), a neighborhood W of Wy

in C2%(Q), and a constant C > 0, such that for (g,m) € U, W € W and for (1,V) € Li_l, there is
g

a unique (f, X) € (Hgg x H, ,) NSy that weakly solves
(61) HQOOD¢(Qﬂ)Opg(Dq)g7r)) (f’ ) Hgo(wav)7

or, equivalently,

DY o p (DRI V¥ (f,X) — (4, V) € CK.
Moreover, (f,X) satisfies the estimate

(6.2) 1052, xy, < N V)le e

Pg Pg

L

The proof of the theorem is a modification of the variational argument in Theorem 5.5. Note that
the projection map is taken with respect to a fixed metric gg, but the functional G below naturally
involves g. To resolve this, we solve the linearized equation whose projection is with respect to g

and look for solutions (f, X) € S;. Theorem 6.2 follows from the proposition below.

Proposition 6.3. Let (go,m0) € CY*(Q) x C3*(Q) be an initial data set, and let Wy € C*%(Q)

be a vector field. There is a neighborhood U of (go,m0) in CH*(Q) x C3%(Q), a neighborhood W of

Wo in C%%(Q), and a constant C > 0 such that for (g,7) €U, W € W, and for (¢, V) € Li_l(Q),
g9

there is a unique (f, X) € (HPQQ (Q) x H1 ,(2)) NSy that weakly solves

(63) HQODQZ, )Opg(D(bgﬂ')) (f7 ) _Hg(wvv)7
or equivalently,

DI 0 py(DBY )*(f,X) — (4, V) € (K.
Moreover, (f, X) satisfies the estimate

(6.4) 10 XMz, < N V)2 iz -

Pg g
Proof. For given (¢, V) € Lz,l (€2), let G be a similar functional as in Theorem 5.5, whose domain
g9

is restricted to the linear subspace (Hgg(Q) X H,}g(Q)) NSy for (f,X) € (Hgg (Q) x H/}g (Q)) NSy,
let

6(7.3) = [ 50| 0250 - 00V (7,30

By the coercivity estimate (see Remark 5.4),

G4, %) 2 56Xy, — Mo, V)2 10 X,

Pg
It is clear that functional is still convex when restricted on the linear subspace, so there is a unique
minimizer (f, X) € (Hgg(ﬂ) X H;g (Q)) N Sy. Furthermore, since G(f, X) < 0 and by Lemma 6.1,
the estimate (6.4) holds.
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To see that (f, X) solves (6.3) weakly, we need to show that, for all smooth compactly supported
test fields (u,Y),

(6.5) [ (190 DY 1y 0 5y (D))" (£.X) = Ly, 1)) (Y ) ity = .

The equality trivially holds for (u,Y) € (K. For (u,Y) € S, because (f, X) is a minimizer in
(Hgg (Q) x H;g(Q)) NSy, we see that

d
0= G| 9K FHuy)
/ pa(DBY (£, X) -4 (DB ) (u,Y) = TLy(t,V) - (u, Y) dty
= [ (DO 1y 0 5y (DR (1.3 =Ty V) g (0. iy
which implies (6.5). O

6.2. Weighted Schauder estimates.
Proposition 6.4. Let (go, o) € CH*(Q) x C>%(Q) be an initial data set, and let Wy € C%*()
be a vector field. There is a neighborhood U of (go, mo) in CH*(Q) x C>*(Q), a neighborhood W of

Wo in C%%(Q), and a constant C > 0 such that for (g,7) €U, W € W, and for (1, V) € By x B,
if (f,X) € (Hgg (Q) x leg (Q)) NSy weakly solves the linear system

HQO o D(bgf,ﬂ’) 9] pg(D(I)W ) (f X) go(wv V)7
then (f,X) € By x B3 and

1CFs X Baxss < Cl[Mg (40, V) 59551 -

Proof. Define

L(f: )_png(I)}/V)opg(D@W ) (fv )
= (f, X', ...,X™) (with respect to a fixed coordinate chart)

as in the proof of Theorem 5.6. Below we denote pg by p. We write

LU = p~ Mgy (pLU) 4 p~H(pLU) " = p~ 'y (4, V) + (LU)*
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where we used the fact that pg, =1 on the support of (. Applying Theorem 5.8 as in the proof of
Theorem 5.6, we have

n+1
[fllgte  + X8 => 171l
667 p2 661 TE 2 Z Coey
_n+1 n+1 A
<C le (L)jll o+ D NN
Cotit ey =1 e
n+1 n+1 n+1 A
<C YN gy (8, V)l 500 +Z|| LU |l .- + 1
j=1 ¢¢J+ 0 ¢¢J+ e;  j=1 oG
n+1 n+1 n+1 )
< C Y Iy (3, V)il o0 +ZH (LU)5 [l osp00 +Z||Uj||Li_n ,
j=1 Cogtitei P ¢¢J+ ie;  j=1 ¥

We now estimate the (LU)*-term. Just as in the proof of Lemma 6.1, using the fact that all norms
of a finite-dimensional space are equivalent, and that the support of (LU )j‘ is contained in 2y, we
obtain the following estimate, uniformly across &/ and W:

ICZO)F 5500

¢ ¢t] +s

1 1
@ = CIEU) ez = CILU) lIr200) < ClILU22(5)-
)
To estimate ||LU || 12(q,), We note that L is a differential operator that contains four derivatives on f
and three derivatives on X and that )y is compact. Then by enlarging the constant C' if necessary
and by interpolation, we have

||(LU)LH —sja < C(fs Xl et o) ©0)
<z><z>tﬂ“ )
< €ell(f, Xllcaa (o) xcao) + CENS, X L2(00)x £2(00)-
<||f||o4an + | Xl g3.0 ) + C(e) <||fHLg + ||X||L22p)] ,

1 n 1
6,62 p2 ¢, 7252

where in the last inequality, we replace the norms on 2y by the corresponding weighted norms on €2,
up to the multiple of a constant that is uniform in (g, 7) € 4 and W € W. Choosing € sufficiently
small and absorbing the weighted Holder norm on (f, X) gives the desired Holder estimates. The
weighted Sobolev estimates on (f, X) follow by Proposition 6.3, and the fact that the solution to
the linear system is unique.

0

6.3. Solving the nonlinear projected problem by iteration. We discuss the proof of The-
orem 4.3 to solve for the nonlinear problem: for (i,V) € By x B; sufficiently small, there is
(f, X) € (By x B3) NSy such that (h,w) = pg(DCIJW ) (f, X) solves

Mg, 0 @) (g + h,m +w) = Tlgy 0 B (g, 7) + gy (¢, V)

with H(ha w)”32><32 < CHHQO (7117 V)||Bo><31-
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The proof follows the same iteration scheme as in the proof of Theorem 5.10 by replacing Q(g )
with I, o@}/;ﬂ) and (v, V') with I (¢, V). The initial step of the iteration is solving the following

for (fo, Xo) € Sy
Ty, 0 DO 1y 0 pg(DRY 1) (fo, Xo) = Ty (4, V),

and then setting (ho,wo) = pg(D<I>W ) (fo, Xo) and (y1,71) = (g9 + ho, ™ + wp). We then solve
inductively for m > 0

Hgo © D‘I’&/,w) © pg(D(I) g7r)) (fmv m) = Hgo © (I)E/;/,n)(gvﬂ-) + Hgo(wv V) - Hgo © (Dgw)(Vm,Tm)

and set (A, wm) = pg(D(I)W ) (fms Xm) and (Ym+1, Tmy1) = (9 + Z?:O hp, ™ + szzo wp)- The
essential estimates to guarantee the iteration procedure converges are the following:

||(fmaXm)HB4><33 < CHHQO © ‘I)(M;,w)(gvﬁ) + Hgo(¢v V) - Hgo © ‘b(vg,n)(Vma 7-m)||"30><81
1o, wim) 8282 < Cll(frns Xim )l x5

and

HHgo © D(I) (g,m) |(77’ (haw) - HQO o Dq)z/g,w)k'y’,'r’)(h’w)HBoXBl < DH(ha w)||l32><52”(7 - '7/>7_ - 7-/)"52><32

HHQO o Qg,w)(hoa wO)HBOXBl < DH(h[), w0)||l232><82'

The first two estimates follow by Proposition 6.4 and the fact that the differential operator is
continuous between the corresponding weighted spaces. The last two estimates follow by Lemma 6.1
and the estimates for unprojected operators from Lemma A.3.

6.4. Higher order regularity and continuous dependence. The previous analysis, in partic-
ular Remark 5.9, implies the following version of the local surjectivity theorem with higher order
regularity; continuous dependence also follows directly from the above analysis, cf. [6, Proposition
3.7]. For simplicity we state the theorem for (¢, V') of compact support, but one can more gener-
ally pose that (¢, V') lies in suitable weighted spaces (an infinite intersection of such spaces for the
C*°-case, for example).

Theorem 6.5. Let k > 0. Let (go,mp) € CFH4(Q) x C*39(Q) be an initial data set, and
let Wy € C*22(Q). Suppose that the kernel of (DCIDYVO ))* is K (may be trivial). Then there
is a CFT42(Q) x C*39(Q) neighborhood U of (go, o), a neighborhood W of Wy in CFT22(Q)),
and constants ¢ > 0, C' > 0 such that for (g,7) € U and for (,V) € CEF*(Q) x CF1 Q)
with ||(, V)||yxp, < €, there is a pair of symmetric tensors (h,w) € CET2%(Q) x CFT2Y(Q)
with || (b, w)||ckr2.axcrrza < Cl(W, V)| ckaxokt1.a such that the initial data set (g + h, 7+ w) €
Ck+2.2(Q) x CF+29(Q) satisfies

Hgo ] (I)E/gm) (g + h, ™+ w) = Hgoq)gw) (ga 7T) + Hgo W& V)v

where the weighted norms are taken with respect to g. The solution (h,w) € By x By depends
continuously on (¢, V) € By x By. If, in addition, (g,7) € C®(Q) and (v,V) € C(Q), then
(h,w) € C ().
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Proof. In the proof of Theorem 4.3 for k = 0, we have obtained (f, X) € (B4 x B3) NSy such that

(h,w) = pg(DP{y )" (f, X)

solves the nonlinear equation. That is, (f, X) satisfies the quasi-linear elliptic system

oY ((9.m) + pg (DO )" (£, X)) = @) ) (g,m) — (4,V) € CKK.

Because elements in (K are smooth with compact support, using the initial regularity (f, X) €
By x Bs, along with bootstrapping, one can get the higher-order estimates and boundary decay, cf.
[6, Sec. 3.7]; this method produces the C*°-regularity statement as well. ]

Alternatively, one could pose the smallness condition on the norm |[(¢, V')|| ck.a xck+1,0 and prove
convergence of the iteration scheme in C*+2 x C*+2:2 to the limit (h,w), applying the estimates
in Remark 5.9 to the linearized operator. This argument proves the finite regularity statement.

This completes the proof of Theorem 1.2, and this also gives us what is required in the proof of
Theorem 1.3 and Theorem 1.4.

APPENDIX A. ESTIMATES ON THE TAYLOR EXPANSIONS

Consider the Taylor expansion of the constraint map ® at an initial data set (g, )
(A1) O(g+ h,m+w) = @(g,7) + D®|(y 1) (h,w) + Q(Wr)(h, w).

Inlocal coordinates the first slot of D®|(, ) (h,w) is a homogeneous linear polynomial in agjhkl, Oihir, hiy

and 9;wr, w whose coefficients are smooth functions of 8 Gkl i gkt Gt, Oy,

, and the second
slot of D@](g,ﬂ) h,w) is of the same type but contains no second derivatives of gg;, h. The remain—
der term Q(gm)(h, w) is a homogeneous quadratic polynomial in 8 Tkl Oihit, hi, 05wkt w* whose
coefficients are smooth functions of 8i2jgkl, Digii, git, O, Tk and 8 hklﬁ hit, by, OwF, Wk and
note that the second slot of Q(gﬂr)(h, w) contains no second derlvatlves in gi; and hg;.

It is clear that if (g, m) € CkT12(Q) x C*+12(Q) for k > 1, we have

(A2) HD(I)‘(gw (h,w)Hck—l,a@)xcka( < C||(h, w)||ck+1 o (Q)x Ck+L.a(Q)

HQ (g,m) h w)”ck Lea(Q)xCke(Q < CJ(h w)”ck+1a Q) xCk+1.a(1)
where C' depends locally uniformly on (g, ), (h,w) € Ok+2a x oftla By direct analysis (with a

bit more care), we have the following estimates involving the weights.

Lemma A.1. Suppose that f is a C**(Q) function such that V f is supported on a compact subset
of Q. Then

[ D®|(g,7)(fh, fw) = fDR|(g ) (h, w)||BoxB, < ClIV f]B, (A w)l[c20xc20
D@ (g h ) (s w) = DB (g 2y (B, w) | .0 ot < Cl (B w)][Z2.0 1 220
1Qg.m) (fhs f) = F2Qgmy(hy ) Io x5 < CIIV flla I (s w0)[[E2.0 2.0
for some
1Q(g.m) (B W)l coaxcra < Cll(hyw)l[Zear s

where C depends locally uniformly on (g,7), (h,w) € C** x C*% and f € C>*. Note all the norms
are taken on ).
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We apply those estimates to interpolation between initial data sets.
Lemma A.2. Let 0 < x < 1 be a C**22(Q) bump function such that x(1 — x) is supported on a

compact subset of Q. Denote by (g,7) = x(g1,71) + (1 — x)(g2, m2). Then
(1) The following Holder estimate holds:

||‘I)(977T) - x<I>(gl,771) - (1 - X)q)(g%772)Hck—1,a(§)xck,a(ﬁ)
< CH(gl —g2,71 — 7r2>”Ck+l,a(§)><ck+1,a(§),
where C depends locally uniformly on (g1,71), (g2, m2) € C*29(Q) x CF12(Q) and x €
Ck+2’°‘(§).
(2) The following weighted estimate holds:
[®(g, ) = xP(g1,m1) — (1 = X)P(g2, ™2) || Bo x B,
< OUx(1 = llsy + VX081 ~ 92,71 — 7o) lgmo
where C' depends locally uniformly on (g1,m1), (g2, ™) € C>% x C%% and x € C%°.

Note that all the norms are taken on 0 with respect to a fixed metric, say gi.

Proof. Writing ®(g,7) = x®(g,7) + (1 — x)®(g, ), we apply Taylor expansion to the first term at
(g1, m) and the second term at (g2, m2) and derive

®(g,m) — (x®(g1,71) + (1 = X)P(g2, 72))
= XD®|(g, 7)) (1 = x)(92 — g1, ™2 — 71)) + XQ(gy,my) (1 = X) (92 — g1, 2 — 71))
+ (1 = X)D®|(gy.7)(X(91 — g2, 1 — 72)) + (1 = X)Q(go,mp) (X (91 — g2, ™1 — 72)).
The estimate (1) follows by (A.2).
The weighted estimate (2) follows by Lemma A.1. For example, in analyzing the preceding

equation, the following term appears

X(]' - X) (D(b|(g2,71'2)(gl —g2,7T1 — 7T2) - D¢|(g1,7r1)(gl —g2,T1 — 7'('2))
and satisfies the desired estimate. OJ

We also need to estimate the Taylor expansion of the modified constraint map for the iteration

scheme. For a fixed vector field W € C*(Q), the Taylor expansion of the modified map @gw) at
(7v,7) is

(I)E;/,w) (y+h,74+w) = (Dgw) (v, 7) + DCI)E/;W)\(%T)(h, w) + Qgﬂr)’( (h,w).

v,7)
In local coordinates, the linearized equation and the quadratic error term have a similar type
of expressions as those for the usual constraint map. By direct analysis, we have the following

estimates.

Lemma A.3. There is a constant D depending locally uniformly on (g,7), (v, 7), (', 7'), (h,w) €
C?(Q) x C*%(Q) and W € CH*(Q) such that

||D(I>g,7r)|('y,7)(hv w) - D(I)}/Z,n)kv’,’r’)(h’w)HBoXBl < DH(h’ w)”BQXBQH(’Y - 7,77 - T/)HBQXBz

HQ&/,W),(%T)(}L’IU)”BOXBl < DH(ha w)H%QXBQ-
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APPENDIX B. ASYMPTOTICALLY FLAT INITIAL DATA SETS

Let B be a closed ball in R3. For every k € {0,1,...}, a € (0,1), and ¢ € R we define the norm
CE(R3\ B) for f € CEY(R?\ B) as

loc

Iloeo@ng = o sup_ [zl @ @) + 3 [l @' f)(a)]

3 aR3\B
11<k “ER\B 1=k '

Let M be a smooth manifold such that there is a compact set K C M and a diffeomorphism
M\ K = R3\ B. The C’E’;‘ norm on M is defined by taking the maximum of the CE’;‘ (R3\ B) norm
and the C*® norm on the compact set K. The weighted Holder space C’ﬁ’qa (M) is the collection of
those f € C{Zf‘( ) with finite CE;‘(M) norm.

Let ¢ > 5, qgo > 0. We say that an initial data set (M, g, ) is asymptotically flat at the rate
(q,qo) if there is a compact set K C M and a diffeomorphism M \ K = R?\ B for a closed ball
B C R3 such that

(g — 35, m) € C22(M) x C (M),
where g is a smooth symmetric (0,2) tensor that coincides with the Euclidean metric gg on
M\ K 2R3\ B, and such that

0,
M,JGC?QO

(M).
Our definition focuses on the analysis of one asymptotically flat end, but can obviously accommo-
date M with multiple asymptotically flat ends.

For an asymptotically flat initial data set (M, g, ), one can define the following boundary inte-
gral, for a function N and a vector field X,

3
Bl (N, X) = / >IN (giji = giig) — (Nagis — N jgar) + X 'mij) 1 doo.

|z|=r i,j=1

Here, the integrals are computed in the coordinate chart M \ K=,R3\ B, yg = 27 /|z|, and doy is
2-dimensional Euclidean Hausdorff measure. The ADM energy FE, linear momentum P, center of
mass' C, and angular momentum J are defined by

E = 4 hm B(gﬂ)(l 0)
, 0

P = 5 i Blom (0 557)

Ci = 1671' rli)m B( )($ ,0)

jkzg hmB( )(Oxx

r—00

i)

0
3xk)
where i,k = 1,2,3, and @ x 575 is the cross product. The well-definedness of those quantities can
be found in, e.g., [1, 14, 15].

For an asymptotically flat initial data set (g,7), by Taylor expansion (A.1) at the flat data
(98, 0),
q)(g’ﬂ') = D(I)‘(Q]E,O)(g —gE, T ) + Q (9g,0 (g gE, T )

1We remark that (for E # 0) C is sometimes written C = Ec, where c is the center of mass in other references,
e.g. [2]
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For (N, X) so that D@]’("QE 0)(N, X) vanishes, we have

(B.1) / D&y 0)(9 — gr, 7) - (N, X) dar = B{ | (N, X) = B{I' (N, X).
{R1<|z|<Rp} ’ 9, 9,

Lemma B.1. Let (g,7) be an asymptotically flat initial data set on R3\ B at the rate ¢ = qo = 1.
Let (¢°,7%) be an admissible family for (g, ). Consider the initial data set (g%, 7%) on Ay obtained
in Proposition 4.4 (with (g1,m1) = (g,7), (g2, m2) = (¢°,7)):

(g%, 7 = x(¢™, 77) + (1 = 0)((¢")", (=*)F) + (A, ™).

Then there is a constant C such that for € ©1 x OF and for R sufficiently large,

R/ o(gh, 78 - (1,0)dz — 167(E° — E)| < CR™!
Ay

‘R/ (g%, 7% - (0, 8.)dx—87r(P9 ~P)|<CR!
Ay 81"

‘R/ (g%, 7%) - (2F,0)dx — 167 R71(C! — CFY)| < C(R™' +|0)?R7?)
Ay

Ozt

'R/ o(5", 77 - (0,2 x L) dw — sxR-1(I? — I5)| < (R + o2R?).
Ay

Proof. By (4.4) and the estimate for (hf*, 7®) in Proposition 4.4, the quadratic error terms are
estimated as follows:

R " Q(gE,O)(gR - g]Eaﬁ-R) : (N7X) dx < CRH(gR - gEﬂ_TR)H%‘?xcl < CR_l'
1

We now estimate the integrals of the linearized operator. The energy and momentum integrals
can be estimated similarly, so we only show the one for the energy. By (B.1),
_R -R _ 2 1
R | Do (100 de = R (B ooy (1.0) = Bign 1 (1,0))
Ay

= B(ji 10y(1,0) = B{} (1,0),

where we note that the rescaling in the last line accounts for the factor R. It is standard to relate
the boundary integral to the ADM energy at infinity by the divergence theorem. In particular, the
uniformity assumption (4.4) implies that there is a constant C' such that for § € ©; x OF,
B2 ,)(1,0) — 167TE9‘ < CR7L.

The proofs for the center of mass and angular momentum integrals are similar, so we only show
prove the one for the center of mass. By (B.1) we have

R D<I>(§R, 7T"R) ) (xk, 0)dz =R <B(2(99)R’(W0)R)(l‘k, 0) — B(lgRJTR) (ﬂik, 0))
Ay
= 17" (B o 4,0) = B (,0)).
where the rescaling in the last line gives an extra factor R~! from the rescaling of the coordinate

k

function z*. To obtain the desired estimate, we see that the term B(zg]g 7Tg)(alc’“,O) is estimated by

the uniformity (4.5) and Bg ) (z%,0) = 167CE by definition. O
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APPENDIX C. INTERIOR SCHAUDER ESTIMATES

Let z € Q be fixed. Consider the ball By,(z) centered at z of radius ¢(z), where ¢(z) is the
weight function defined in Section 2.5. We blur the distinction between By(,)(z) and its coordinate
image, and we consider the diffeomorphism F; : B1(0) — By (z) by 2z = z + ¢(z)z = y, where
B1(0) is the unit ball in R™ centered at the origin. For any function f defined on By, (%), let

F(2) = F;()(z) = f o Fu(z)
denote the pull-back of f on B(0).
With a minor abuse of notation, we denote for a € (0, 1],

!
”f”cf;;g(Bw(m)(x)) = ZSO(l‘)W @IV F 0B,y @) + 2@ (@) VE Flo.asBoy ) @)

J=0

One can easily obtain the following lemma.

Lemma C.1. Let f and g be functions defined on By, (x). The following properties hold.
(1) f+g=Ff+5 and fg = f§.
(2) 85]" = (¢(m))—‘5|8§f, where = (B1,...,Bk) is a multi-indez, (95 = 85}1 . -85{2, i1,...,0k €
{1,2,...,n}, and 9% is defined analogously.
(3) For any a € (0,1],

H‘P(x)fHCkﬂ(Ba(O)) = ”fHCfiJZ(me(r))
() fllL2(Ba(0)) = HfHLi_WQ(Bw(z)(x))-
Let U = (U, U%,U3,...,U") where each U’ is a function defined on Bg(z)(x). Consider the

partial differential system LU whose j-th component is

n+18;+tk

(LU); =3 > vhabuk,

k=1 18]=0
where
s1 =0, t; =4, Sj:—l, t, =3 (j,k::2,...,n—|—1).

Theorem C.2. Suppose that the operator L is strictly elliptic in the sense of [10]. For anyr,s € R,
let p; = ¢" 47t p. Then for each k € {1,2,...,n+ 1},

k
v HC;Ifs;i(B¢(z>/z(m))

(Cl) - n+1 )

=¢ LWill o= +37 v :

< Z L e Z 107122 e

= , J =
where C depends only onn, o,  sup HbgﬁkH 0—sj.a (By(z)(z))’ and the lower bound of ellipticity
J‘ygl:<l,—,:;r1 ¢,¢5j+tk*|ﬁ| @ (z) €T
STtk

of the operator L.
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Proof. By Lemma C.1, for j =1,...,n+1,

n+1 5]+tk .

Z\U/J - ¥ bﬁ )1Blgs Tk

k=1 |B8|=0
n+18;j+tx

=373 (o)) R 09 (((a) TR,

k=1B|=0
Multiplying (¢(x))**% to the above identity, we have

n+1 S]+tk

(@)™ (L0); = Y- 3 (6la)) b 02 ((9(a) ' UF).
k=1 |8|=0
We remark the power of ¢ is specifically chosen such that, for our application to Theorem 5.6,
each of the coefficients (gb(x))sjﬂk_'ﬁ'bﬂﬁk is bounded in the C~%>%(B;(0)) norm. Now we apply the
Schauder interior estimate and obtain

n+1

S U@ 5 Ul 5, (0
=1 :

n+1 n+1 N
<C ZHW( )45 L;U iUllg=s50(5, (0)4‘2’\ V75U p2gyo) |

where C' depends only on n, o,  sup ||(¢($))5j+tk_|’8‘bfk||C—sj,a(Bl(0)), and the lower bound of
k=1,....n+1
'[Bl<s; i,

ellipticity of the operator L. By Lemma C.1 (3),

st 1818 % :
(#()) Gillomse o)) = 10l i1 o) @)

For 1,5 € R, let ¢; = ¢"+474 p*. Multiplying ¢"(x)p*(x) to the above inequality, we have

n+1
ZH% U]HCtJ *(B1(0)

n+1 o n+1
< C | D 1@@) 90 (@) (LUl 5100, 0 +ZH% D)0 128, 0y

Then Lemma C.1 (3) implies the desired estimate. O

Proof of Theorem 5.8. By the definition of the weighted Holder norm and by taking the supremum
of (C.1) among z € €, it suffices to prove that for any v and ¢ = ¢"p*

o <
S0P 1St < SR et

where C' denotes a positive constant that depends only on k, o, 7, s, and the constant in (2.15). The
proof is a straightforward computation using (2.15). O
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APPENDIX D. ITERATION SCHEME

We now prove Lemma 5.11. The proof follows essentially [6, Lemma 3.5].

Proof. By the induction hypothesis (5.13), (v, T ) satisfies that (I)E;/w (g, m)+ (v, )— )("}/m,’l'm) €
Li_l X L/QJ . Use the variational result Theorem 5.5, we find (fn,, X,,) such that (hm,wm) =

pg(D(I)(gw | ng')) (fma ) satisfies

D@’(g ﬂ)|(g’ﬂ)(hm’ wm) - (I)gﬂr) (g’ 7r) + (¢a V) - <I>E/g,7r) ('Ym, Tm).

By Theorem 5.6 and the induction hypothesis (5.13),

1(fs X 1By < CIOY (g 7) + (0, V) = ) (Yo 7o) B8,
< O|(v, >H}g§?§1
(s i) By, < ClRYY (9,
< Clw.v)

) + (@, V) = @ (g ) (Yms 7m) 1o x5,

H1+m6
Bo ><81

This gives the desired estimates (5.12) for p = m.
To prove (5.13) for j = m + 1, we note that by Taylor expansion,

O 5 (Y415 Tmt1)
= 0 (Yons ) + DY ) B Win) + QP (i i)
= (I>(g 7r)( ) (’(7[)7 ) D(I)Wﬂ.)| gw)(hmawm)

+ DG s ) (s W) + QY 7, (oms )

- (bgﬂ' (gaﬂ-) + W, )

)
-1
* {D(I) (9, 7")’(717+177p+1)(hm’ W) = D(I) (9, rr)‘ ’Ypﬂ'p)(h’m’ W)
0

p=
Q 'meTm) (h’M) wm)

By Lemma A.3,

05 (9 )+, V) = By (it T 0
m—1

<D ||(hmuwm)H%2><32 + [[(Amy wim) | By x B, Z (V41 Tp+1) = (Vs )| B x5
p=0
24+2mé 2 3
< DO [ [I(, VIIE280 + (1, V)15, Z 1 V) s,
s Sy— 1+(m+1)0
< 2DC% (1 — )Y, V) 5 .

Choose € > 0 small enough so that 2DC?e'~9(1 — €)1 < 1. O
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