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Abstract

Let o € CONW2(3, X) where X is a compact Riemann surface, X is a compact
locally CAT(1) space, and Wh2(%, X) is defined as in Korevaar-Schoen. We use the
technique of harmonic replacement to prove that either there exists a harmonic map
u : X — X homotopic to ¢ or there exists a nontrivial conformal harmonic map v :
S? — X. To complete the argument, we prove compactness for energy minimizers and
a removable singularity theorem for conformal harmonic maps.

1. Introduction

In many existence theorems for harmonic maps, the key assumption is the non-positivity
of the curvature of the target space. The prototype is the celebrated work of Eells and Samp-
son [ES] and Al'ber [A1], [A2] where the assumption of the non-positive sectional curvature
of the target Riemannian manifold plays an essential role. The Eells-Sampson existence the-
orem has been extended to the equivariant case by Diederich-Ohsawa [DO], Donaldson [D],
Corlette [C], Jost-Yau [JY] and Labourie [La]. Again, all these works assume non-positive
sectional curvature on the target. For smooth Riemannian manifold domains and NPC tar-
gets (i.e. complete metric spaces with non-positive curvature in the sense of Alexandrov),
existence theorems were obtained by Gromov-Schoen [GS] and Korevaar-Schoen [KS1],
[KS2]. The generalization to the case when the domain is a metric measure space has been
discussed by Jost ([J2] and the references therein) and separately by Sturm [St].

When the curvature of the target space is not assumed to be non-positive, the existence
problem for harmonic maps becomes more complicated, and in many ways, more interesting.
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Although the general problem is not well understood, a breakthrough was achieved in the
case of two-dimensional domains by Sacks and Uhlenbeck [SU1]. Indeed, they discovered
a “bubbling phenomena” for harmonic maps; more specifically, they prove the following
dichotomy: given a finite energy map from a Riemann surface into a compact Riemannian
manifold, either there exists a harmonic map homotopic to the given map or there exists a
branched minimal immersion of the 2-sphere. We also mention the related works of Lemaire
[Le|, Sacks-Uhlenbeck [SU2J, and Schoen-Yau [SY].

The goal of this paper is to prove an analogous result when the target space is a compact
CAT(1) space, i.e. a compact metric space of curvature bounded above by 1 in the sense of
Alexandrov.

Theorem 1.1. Let X be a compact Riemann surface, X a compact locally CAT(1) space
and p € CONWY2(3, X). Then either there exists a harmonic map u : ¥ — X homotopic
to ¢ or a nontrivial conformal harmonic map v : S* — X.

Sacks and Uhlenbeck used the perturbed energy method in the proof of Theorem 1.1 for
Riemannian manifolds. In doing so, they rely heavily on a priori estimates procured from
the Euler-Lagrange equation of the perturbed energy functional. One of the difficulties in
working in the singular setting is that, because of the lack of local coordinates, one does not
have a P.D.E. derived from a variational principle (e.g. harmonic map equation). In order
to prove results in the singular setting, we cannot rely on P.D.E. methods. To this end, we
use a 2-dimensional generalization of the Birkhoff curve shortening method [B1], [B2]. The
local replacement process can be thought of as a discrete gradient flow. This idea was used
by Schoen [Sc, Theorem 2.12] to give a short proof of the Eells-Sampson existence result,
and by Jost [J1] to give an alternative proof of the Sacks-Uhlenbeck theorem in the smooth
setting. More recently, in studying width and proving finite time extinction of the Ricci
flow, Colding-Minicozzi [CM] further developed the local replacement argument and proved
a new convexity result for harmonic maps and continuity of harmonic replacement; see also
[Z1, Z2]. However, even these arguments rely on the harmonic map equation and hence
do not translate to our case. The main accomplishment of our method is to eliminate the
need for a P.D.E. by using the local convexity properties of the target CAT(1) space. (The
necessary convexity properties of a CAT(1) space are given in Appendices A & B.)

For clarity, we provide a brief outline of the harmonic replacement construction. Given
03 — X, we set ¢ = u) and inductively construct a sequence of energy decreasing maps
ul where n € NU{0}, 1 € {0,...,A}, and A depends on the geometry of . The sequence is
constructed inductively as follows. Given the map u?, we determine the largest radius, 7,
in the domain on which we can apply the existence and regularity of Dirichlet solutions (see
Lemma 2.2) for this map. Given a suitable cover of 3 by balls of this radius, we consider
A subsets of this cover such that every subset consists of non-intersecting balls. The maps
ul © Y — X, 1€ {l,...,A} are determined by replacing ul-! by its Dirichlet solution on
balls in the [-th subset of the covering and leaving the remainder of the map unchanged. We
then set u%,; := u) to continue by induction. There are now two possibilities, depending on
liminfr, =r. If r > 0, we demonstrate that the sequence we constructed is equicontinuous
and has a unique limit that is necessarily homotopic to ¢. Compactness for minimizers
(Lemma 2.3) then implies that the limit map is harmonic. If » = 0, then bubbling occurs.
That is, after an appropriate rescaling of the original sequence, the new sequence is an
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equicontinuous family of harmonic maps from domains exhausting C. As in the previous
case, this sequence converges on compact sets to a limit harmonic map from C to X. We
extend this map to S? by a removable singularity theorem developed in section 3.

We now give an outline of the paper. In section 2, we introduce some notation and
provide the results that are necessary in order to perform harmonic replacement and obtain
a harmonic limit map. In particular, we state the existence and regularity results for Dirichlet
solutions and prove compactness of energy minimizing maps into a CAT(1) space. In section
3, we prove our removable singularity theorem. Namely, in Theorem 3.6 we prove that
any conformal harmonic map from a punctured surface into a CAT(1) space extends as a
locally Lipschitz harmonic map on the surface. This theorem extends to CAT(1) spaces
the removable singularity theorem of Sacks-Uhlenbeck [SU1] for a finite energy harmonic
map into a Riemannian manifold, provided the map is conformal. The proof relies on two
key ideas. First, for harmonic maps ug and u; into a CAT(1) space, while d*(ug, u;) is not
subharmonic, a more complicated weak differential inequality holds if the maps are into a
sufficiently small ball (Theorem B.4 in Appendix B, [Sel]). Using this inequality, we prove
a local removable singularity theorem for harmonic maps into a small ball. The second
key idea, Theorem 3.4, is a monotonicity of the area in extrinsic balls in the target space,
for conformal harmonic maps from a surface to a CAT(1) space. This theorem extends
the classical monotonicity of area for minimal surfaces in Riemannian manifolds to metric
space targets. The proof relies on the fact that the distance function from a point in a
CAT(1) space is almost convex on a small ball. In application, the monotonicity is used to
show that a conformal harmonic map defined on 3\{p} is continuous across p. Then the
local removable singularity theorem can be applied at some small scale. Section 4 contains
the harmonic replacement construction outlined above and the proof of the main theorem,
Theorem 1.1. Finally, in Appendix A we give complete proofs of several difficult estimates for
quadrilaterals in a CAT(1) space. The estimates are stated in the unpublished thesis [Sel]
without proof. We apply these estimates in Appendix B to give complete proofs of some
energy convexity, existence, uniqueness, and subharmonicity results (also stated in [Sel])
that are used throughout this paper.

2. Preliminary results

Throughout the paper we let (€2, g) denote a Lipschitz Riemannian domain and (X, d) a
locally CAT(1) space. We refer the reader to Section 2.2 of [ BFHMSZ] for some background
on CAT(1) spaces. A metric space (X,d) is said to be locally CAT(1) if every point of X
has a geodesically convex CAT(1) neighborhood. Note that for a compact locally CAT(1)
space, there exists a radius 7(X) > 0 such that for all y € X, B,(x)(y) is a compact CAT(1)
space.

We define the Sobolev space W12(Q2, X) € L*(2, X) of finite energy maps. In particular,

if w e Wh2(Q, X), one can define its energy density |Vu|*> € L'(Q) and the total energy

B0 = [ [Vuldn,
Q

We often suppress the superscript d when the context is clear. We refer the reader to [KS1]
for further details and background. We denote a geodesic ball in ) of radius r centered
at p € Q by B,(p) and a geodesic ball in X of radius p centered at P € X by B,(P).
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Furthermore, given h € WH2(Q2, X), we define
WA(Q, X) = {f € WH(Q, X) : Tr(h) = Tr(f)},
where Tr(u) € L*(09, X) denotes the trace map of u € W?(Q, X) (see [KS1] Section 1.12).

Definition 2.1. We say that a map u : Q@ — X is harmonic if it is locally energy
minimizing with locally finite energy; precisely, for every p € €2, there exist » > 0, p > 0 and
P € X such that u(B,(p)) C B,(P), where B,(P) is geodesically convex, and h = u

has finite energy and minimizes energy among all maps in W,"*(B,(p), B,(P)).

Br(p)

The following results will be used in the proof of the main theorem, Theorem 1.1.

Lemma 2.2 (Existence, Uniqueness and Regularity of the Dirichlet solution). For any
finite energy map h : Q — B,(P) C X, where p € (0,min{r(X), T}), the Dirichlet solution
exists. That is, there exists a unique element P"h € WJ’Q(Q,W) that minimizes enerqy
among all maps in W,>*(Q, B,(P)). Moreover, if P"h(0Q2) C By(P) for some o € (0, p), then
Dirh(Q)) C B,(P). Finally, the solution P h is locally Lipschitz continuous with Lipschitz
constant depending only on the total energy of the map and the metric on the domain.

For further details see Lemma B.2 in Appendix B, [Sel], and [BFHMSZ].

Lemma 2.3 (Compactness for minimizers into CAT(1) space). Let (X, d) be a CAT(1)
space and B, C Q a geodesic (and topological) ball of radius r > 0 where (§2,g) is a Rie-
mannian manifold. Let u; : B, — X be a sequence of energy minimizers with E*[B,] < A
for some A > 0.

Suppose that u; converges uniformly to uw on B, and that there exists P € X such that
u(B,) C B,2(P) where p is as in Lemma 2.2. Then u is energy minimizing on B, ;.

Proof. We will follow the ideas of the proof of Theorem 3.11 [KS2]. Rather than prove
the bridge principle for CAT(1) spaces, we will modify the argument and appeal directly to
the bridge principle for NPC spaces (see Lemma 3.12 [KS2]).

Since u; — u uniformly and w(B,) C B,2(P), there exists I large such that for all ¢ > I,
w;(B,) C B,(P). By Lemma 2.2, there exists ¢ > 0 depending only on A and g such that for
all i > I, u;|p,, )5 18 Lipschitz with Lipschitz constant c. It follows that for ¢ > 0 small, there
exists C' > 0 depending on ¢ and the dimension of 2 such that

(2.1) E“ B, 2\B; /2] < Ct.
For € > 0, increase [ if necessary so that for all 7 > I and all x € Bs, 4,
(2.2) d?(uy (), u(z)) < e.

For notational ease, let U; := B,./o_;. Let w; : Uy — X denote the energy minimizer w; :=
Diry|y, € WE2(U,, X), with existence guaranteed by Lemma 2.2. Following the argument in
the proof of Theorem 3.11 [KS2], (2.1) and the lower semi-continuity of the energy imply that
limg o £ [Uy] = E*°[B,s]. Observe that by the lower semi-continuity of energy, Theorem
1.6.1 [KS1],

BB, o] < liminf ‘E" B, ).

1—00
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Thus, it will be enough to show that
limsup *E"[B, o] < ‘E“[B, 2].
1—00
Let v : B,/» — X be the map such that v;|y, = w; and vt|BT/2\Ut = u. Given ¢ > 0, choose
t > 0 sufficiently small so that

(2.3) dEmt [BT/Q} < dEwO [BT/Q] + 0.

Since v; is not a competitor for u; (i.e. vi|ap, 1, 18 not necessarily equal to uilon, /2), for each
i we want to bridge from v, to u; for values near 0B, ;. Since we want to exploit a bridging
lemma into NPC spaces, rather than bridge between v, and u;, we will bridge between their
lifted maps in the cone C(X).

Let C(X) := (X x [0,00)/X x {0}, D) where

D*([P,x],[Q.y]) = 2* + y* — 2zy cos min(d(P, Q). 7).
Then C(X) is an NPC space and we can identify X with X x {1} C C(X). For any
map f : B, — X, welet f: B, — X x {1} such that f(z) = [f(z),1]. Note that for
f e WH(B,,B,(Q)), since
: D2([P7 1]a [Qa 1]) T 2(1 _ COS(d(P, Q)))
MY T RPN E(PQ)

it follows that PE/[Q] = 4E/[Q)] for Q C B,.
For each ¢ > I, and a fixed s,p > 0 to be chosen later, define the map

v; : OUg x [0, p] = C(X)

=1,

such that
U-(LL‘ Z) : <1 - —> v (13) + —u(x)
K3 Y ° t 3 N

The map v; is a bridge between T;|gy, and T;|gy, in the NPC space C(X). That is, we are
interpolating along geodesics connecting v;(x), u;(x) in the NPC space C(X) and not along
geodesics in X. By [KS2| (Lemma 3.12) and the equivalence of the energies for a map f
and its lift f,

V5 Ut U 1
PE0U, x [0,p)) < £ (PE™0U) + PE"[0U,]) + = [ D([uy, 1], [wi, 1))do
P Jou,

NI NID

(“E"[oU,] +1E" [0U,]) + E D?([vy, 1], [us, 1])do.
P Jou,

By (2.1), and since v, = u on B, ;2\U;, for s € [2t/3,3t/4] the average values of the
tangential energies of v; and u; on dUg are bounded above by Ct/(3t/4 — 2t/3) = 12C.
Moreover, since u;(By/2), v¢(By/2) C B,(P), (2.2) implies that for all z € B, 2\Us,

(2.4) D?(uy(x),v(x)) = 2(1 — cos d(u;(x), v(w))) < d*(ui(z), v:(7)) < €.
Thus, there exists C’ > 0 depending only on g such that for every s € [2t/3,3t/4],

D*([vg, 1], [ug, 1])do < C'e.
U,
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Note that for each £ > 0, the bound above depends on I but not on ¢. Now, we first choose
an s € (2t/3,3t/4) such that 1E”[0U,] + ¢E"'[0U,] < 24C. Next, pick 0 < u < 1 such that
[s,s+pt] C [2t/3,3t/4] and 12Cut < 6/2. For this ¢, i, decrease ¢ if necessary (by increasing
I) such that

DB [oU, x [0, ] = 2 (“B"(0U] + B [oU.) +% [ D1 fus e

< 24Cut/2+ C'e/(ut)
<.

Now, define 9; : B,/ — C(X) such that on Us, ¥; is the conformally dilated map of T; so

that |av,, ., = Uelov,. On Ug\Usypu, let ©; be the bridging map v;, reparametrized in the

second factor from [0, ut] to [s, s 4+ ut]. Finally, on B, 5\Us, let ©; = @;. Then, for all i > I,
(2.5) PE"(B, 2] < “E"[B, 2] + 6 + “E"“[B,s\Uy).

While the map ©; agrees with w; on 9B, 9, it is not a competitor for u; into X since ¥;
maps into C(X). However, by defining v; : B,/» — X such that 7;(z) = [v;(2), h(x)], v; is
a competitor. Note that for all x € dU, (2.4) implies that h(z) > 1 — /e. Therefore, on
the bridging strip we may estimate the change in energy under the projection map by first
observing the pointwise bound

D*(@i(x), 0i(y)) = D*([vi(x), ()], [v;(y), h(y)])

= h(z)* + h(y)* — 2h(x)h(y) cos(d(v;(2), v;(y)))
= (h(z) — h(y))* + 2h(2)h(y)(1 — cos(d(v;(x), v:(y))))
> 2(1 = v/e)*(1 — cos(d(v;(7), 2;(y))))
= (1= Vo) D*([vy(2), 1], [us(y), 1]).

Therefore,

(26) B (B,) = PE B, ] < (1 VE) P PE" (B,

Since v, is a competitor for u; on B, /s, (2.6), (2.5), (2.3), and (2.1) imply that

Ug —2 ’L~)i —2 w
YEY[B,o) < (1=+e) " PE"[B,p) < (1—+e) " (“E™[B, 2] + 26 + Ct)
Since for any €, > 0, by choosing ¢ > 0 sufficiently small and I € N large enough, the
previous estimate holds for all ¢ > I, the inequality
limsup “E" [B, 3] < “E"[B, ]
—+00

then implies the result.

q.e.d.

3. Monotonicity and removable singularity theorem

We first show the removable singularity theorem for harmonic maps into small balls. Note
that the first theorem of this section is true for domains of dimension n > 2, but all other
results require the domain dimension n = 2.
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Theorem 3.1. Let u: B,(p) \ {p} — B,(P) C X be a finite energy harmonic map, where
p is as in Lemma 2.2 and dim(B,(p)) = n. Then u can be extended on B,.(p) as the unique
energy minimizer among all maps in W22 (B,.(p), B,(P)).

Proof. Let v € W2(B,(p), B,(P)) minimize the energy. It suffices to show that u = v
on B,.(p) \ {p}. Since wu is harmonic, there exists a locally finite countable open cover {U;}
of B.(p) \ {p}, and p; > 0, P, € B,(P) such that u|y, minimizes energy among all maps in

WL2(U;, B,,(P;)). Let
1 —cosd
F=3—"
m

where d(z) = d(u(x),v(z)) and R* = d(u, P), R’ = d(v, P). By Theorem B.4,
div(cos R*cos R°VF) >0

holds weakly on each U;. Therefore, for a partition of unity {¢;} subordinate to the cover
{U;} and for any test function n € C°(B,(p) \ {p}),

(3.1)
— / Vn - (cos R* cos R'VF) dpy = — Z/ V(eim) - (cos R* cos R°V F') dy, > 0,
Br(p)\{r} i JUi

where we use ) . ¢; =1and ), Vi, =0.
Using polar coordinates in B,(p) centered at p, for 0 < € < 1, we define

0 r < e
_ 2
b = logv"l& e2<r<e .
—loge
1 e<r

Letting w,_1 denote the volume of the unit (n — 1)-dimensional sphere, note that
Wn—1 ‘ —
V| du :—/ " 3dr+o0(e) >0 ase—0.
[ veddn = g | ©
Therefore, for n € C(B,(p)),
— ®Vn - (cos R cos R'VF) dp,

Br(p)

= — V(noe) - (cos R* cos R°VF) dy, + / nV¢. - (cos R cos R'VF) du,

B (p) B (p)

> / NV - (cos R* cos R°V F) dp, (by (3.1))
Br(p)\{r}

2
> ( / |v¢>e|2dug)
Byr(p)\{pr}

The last line converges to zero as € — 0 because d, R*, R” are bounded by the compactness

of B,(P) and [, o\ 01 IVFI* dpg is bounded by energy convexity. We conclude that

2

( / n*| cos R* cos RV F|? d,ug> (by Hoélder’s inequality).
Br(p)\{p}

— Vn - (cos R* cos R'VF) dpy = —lim ¢V - (cos R* cos RV F) dpy > 0,

Br(p) =0JB,(p)
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and hence div(cos R* cos RV F') > 0 holds weakly on B,.(p).
Since d(u(x),v(x)) = 0 on dB,(p), by the maximum principle d(u(z),v(z)) = 0 in B,(p).
This implies that « = v is the unique energy minimizer.
q.e.d.

REMARK 3.2. Note that Theorem 3.1 implies that if w : Q@ — B,(P) is harmonic, then u
is energy minimizing.

From this point on we assume our domain is of dimension 2. Recall the construction in
[KS1] and [BFHMSZ] of a continuous, symmetric, bilinear, non-negative tensorial operator

(3.2) ™ T(TQ) x T(TQ) — L*(Q)
associated with a W1?-map u : Q — X where T'(TQ) is the space of Lipschitz vector fields
on €2 defined by
1 1
"2 = g2+ WP = (2 = W)

where |u,(Z)|? is the directional energy density function (cf. [KS1, Section 1.8]). This
generalizes the notion of the pullback metric for maps into a Riemannian manifold, and
hence we shall refer to m = 7" also as the pullback metric for w.

Definition 3.3. If ¥ is a Riemann surface, then u € W2(32, X) is (weakly) conformal if

0 9N_ (0 0N (0 9
m 81’1’31’1 -7 8332’8]]2 T (9.1'1’8332 7

where z = 11 + ix5 is a local complex coordinate on X.

For a conformal harmonic map u : ¥ — X with conformal factor A = $|Vu|?, and any
open sets S C ¥ and O C X, define

A(u(S)N0O) := / Adyg,

u~1(O)NS
where dj, is the area element of (X, g).

Theorem 3.4 (Monotonicity). There exist constants ¢, C' such that if u : ¥ — X is a
non-constant conformal harmonic map from a Riemann surface ¥ into a compact locally
CAT(1) space (X,d), then for any p € ¥ and 0 < ¢ < 09 = min{p, d(u(p),u(0X))}, the
following function is increasing:

e A(u(E) N B, (u(p)))

o
02 ’

and

A(u(X) N B, (u(p))) > Co.

Proof. Since ¥ is locally conformally Euclidean and the energy is conformally invariant,
without loss of generality, we may assume that the domain is Euclidean. Fix p € ¥ and
let R(z) = d(u(x),u(p)). Since u is continuous and locally energy minimizing, by [Sel,
Proposition 1.17], [ BFHMSZ, Lemma 4.3] we have that the following differential inequality
holds weakly on u™*(B,(u(p))):

(3.3) %ARQ > (1= O(R))|Vul
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Let ¢ : R™ — R" be any smooth nonincreasing function such that ¢(¢) = 0 for ¢ > 1, and
let (,(t) = ((£). By (3.3), for 0 < 0o we have

—/ZVRQ -V (((R)) dxydxy > 2/29(3) (1 — O(R*)|Vul? dzidx,

_ 4/ G (R) (1 — O(R2)) X da1das.

Therefore,

=y

2/ G (R) (1= O(RY) Adardes < — | RVR-V(Co(R)) dardas

— g — i — o —

&=
M\%‘|&Q

I

‘VR‘ dl’ldilfg

| Q=

|Vul? doyda,

N— —

N | —

A dl‘ldl’g

Iy

= 9l 9l
LR
TN /N
SHR=VEES
~_

A

(R)) A dl’ldl'g

I
M\

CJ(R) A d.’L’ldl‘g,

where in the second inequality we have used that ¢’ < 0 and |[VR[* < $|Vul?, since u is
conformal. Set f(o fz (- (R) Adxidzry. We have shown that

2(1-0(0*) f(o) < af'(0).

Integrating this, we conclude that there exist ¢ > 0 such that the function

e f(o)

o2

(3.4) o

is increasing for all 0 < o < 0g. Approximating the characteristic function of [—1,1], and
letting ¢ be the restriction to R*, it then follows that

e A(u(S) N By (u(p)))

o2

is increasing in o for 0 < o < 0y.

Since A = 3|Vu|? € LY(Z,R),

Adzidzx
(3.5) g S0 Az Mz), ae zes

r—0 7T7’2

by the Lebesgue-Besicovitch Differentiation Theorem. Since u is conformal, for every w € St,

(3.6) Az) = lig TL4E T 1), (@)

t—0 t2

, ae rex
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([KS1, Theorem 1.9.6 and Theorem 2.3.2]). Since w is locally Lipschitz [BFHMSZ, Theo-
rem 1.2], by an argument as in the proof of Rademacher’s Theorem ([EG, p. 83-84]),

e Plu), u()
(37) M) = im

for almost every z € . To see this, choose {w;}?2, to be a countable, dense subset of S'.
Set
Sp={r € X :lim dlulz + twr), ulz))

t—0 t
for k=1,2,... and let

exists, and is equal to\/A(z)}

S =N, Sk
Observe that H2(X\ S) = 0. Fix z € S, and let £ > 0. Choose N sufficiently large such that

if w € S! then .

2Lip(u)

lw — wg| <

for some k € {1,..., N}. Since
lim d(u(z + twy), u(x)) _ /@)

t—0 t
for k=1,..., N, there exists 6 > 0 such that if [{| < § then
d(u(z + twg), u(z)) 3
t 2
for k=1,..., N. Consequently, for each w € S' there exists k € {1,..., N} such that

Ax)| <

‘d(u(x + iw), u(z)) o)
< ‘d(u(:p + twy), u(z)) )| + ‘d(u(x +tw),u(z))  du(z + twy), u(z)) ‘
- t t t
d(u(z + twy), u(x)) d(u(z + tw), u(x + twy))
< ‘ ; i —VA(z) +‘ " i ’
< 5+ Lip(u)lw — wf
< e.

Therefore the limit in (3.7) exists, and (3.7) holds, for almost every z € ¥.
The zero set of A is of Hausdorff dimension zero by [M]. At points where A(z) # 0 and
(3.7) holds, we have that for any € > 0

u(B_o () Cu(X) N B, (u(z))

(1+e)vVX
if o is sufficiently small. Therefore by (3.5),
A(u(X) N0 B, (u(x)))

2

(3.8) O(z) := lim

>1, ae xel.
o—0 ives

By the monotonicity of (3.4), ©(x) exists for every x € ¥, and O(z) is upper semicontinuous
since it is a limit of continuous functions (the density at a given radius is a continuous
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function of z). Therefore, O(z) > 1 for every x € ¥. Together with the monotonicity of
(3.4), it follows that
A(u(X) N By (u(p))) > Co?

for 0 < o < oy. q.e.d.

REMARK 3.5. Note that if u : M — B,(P) is a harmonic map from a compact Riemannian
manifold M, then v must be constant. This follows from the maximum principle, since
equation (3.3) implies that R%(z) = d?(u(z), P) is subharmonic.

For a conformal harmonic map from a surface into a Riemannian manifold, continuity fol-
lows easily using monotonicity ([Sc, Theorem 10.4], [G], [J1, Theorem 9.3.2]). By Theorem
3.4, using this idea we can prove the following removable singularity result for conformal
harmonic maps into a CAT(1) space.

Theorem 3.6 (Removable singularity). If u: 3\ {p} — X is a conformal harmonic map
of finite energy from a Riemann surface ¥ into a compact locally CAT(1) space (X,d), then
u extends to a locally Lipschitz harmonic map u : X — X.

Proof. Let B, denote B,.(p), the geodesic ball of radius r centered at the point p in ¥, and
let C. = 0B, denote the circle of radius r centered at p. By the Courant-Lebesgue Lemma,
there exists a sequence r; \, 0 so that

L; = L(u(C,,)) := /C | VAdsy — 0

as ¢ — 00, where ds, denotes the induced measure on C,, = 0B,, from the metric g on
Y. Since E(u) < oo, A = %]Vu]Z is an L' function and, by the Dominated Convergence
Theorem,

A= A(B N\ () = [ Ady >0
By \{r}
as 1 — oQ.
First we claim that there exists P € X such that u(C,,) — P with respect to the Hausdorff

distance as i — oo. Let d;; = d(u(C,,),u(C,,)). Suppose i < j so r; > r;, and choose Q €
u(B;, \ By,) such that d(Q, u(C,,) Uu(C,,)) > d;;/2. For ¢ = min{ dgj, £}, by monotonicity
(Theorem 3.4),

A(u(By, \ Brj) NB,(Q)) > Ca®.

Since A(u(B;, \ By,) N B,(Q)) < A(u(B,, \ {p})) = A;, it follows that o < ¢\/4; — 0 as

i — oo, and we must have d;; — 0. Therefore any sequence of points P, € u(C,,) is a

Cauchy sequence since

as i, J — oo. Hence, there exists P € X independent of the sequence, such that P, — P.
Finally, we claim that lim,,,u(z) = P. It follows from this that we may extend u

continuously to ¥ by defining u(p) = P. To prove the claim, consider a sequence z; € ¥\ {p}

such that z; — p. We want to show that u(z;) — P. Suppose z; € B, \ B, for some

J(0)+1
j(@), and let d; = d(u(x;),u(Cy,, ) Uu(C,, ). For o = min{%, £}, by monotonicity
(Theorem 3.4),

A(U(Brj(i) \ Brj(i)+1) N B(,(u(ﬁ,))) > 002‘
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Therefore, 0 < ¢y/A;u — 0as @ — oo, and we must have d(u(z;), u(Cy,
It follows that u(z;) — P and w extends continuously to X.

We may now apply Theorem 3.1 to show that w is energy minimizing at p. Since u is
continuous, there exists ¢ > 0 such that u(Bjs) C B,(Q) C X. By Theorem 3.1, u is the

unique energy minimizer in W,-?(Bs, B,(Q)). Hence u is locally energy minimizing on 3 and
by [BFHMSZ, Theorem 1.2], u is locally Lipschitz on X. q.e.d.

uu(C

Tj(i)+1

)) — 0.

The following is derived using only domain variations as in [Sc, Lemma 1.1] (using [KS1,
Theorem 2.3.2] to justify the computations involving change of variables) and is independent
of the curvature of the target space (see for example, [GS, (2.3) page 193]).

Lemma 3.7. Let u : X — X be a harmonic map from a Riemann surface into a locally

CAT(1) space. The Hopf differential

o 0 o 0 o 0
q) — I o I — 9 A 2
(Z) |:7T (81‘1’ (9.1'1) m (8352’ 8172) Zﬂ— ((91;1’ 633'2):| dz ’

where z = x1 4+ 1x9 1S a local complex coordinate on ¥ and 7 is the pull-back inner product,
18 holomorphic.

Corollary 3.8. Let u : C — X be a harmonic map of finite energy and (X, d) be a compact
locally CAT(1) space. Then u extends to a locally Lipschitz harmonic map u : S* — X .

Proof. Let p: S?\ {n} — R? be stereographic projection from the north pole n € S. Set
i =uop:S?\{n} — X. We will show that n is a removable singularity.
Let ¢ = m(:2, %) — n(5%, ;%) — 2im(:2, -2). By Lemma 3.7, the Hopf differential

8z, Oz, Oz Ox2 Oz1’ Oxo

®(z) = p(z)dz? is holomorphic on C. By assumption,

0 0
E = «\ 7 2 w(— 2
0= [ (eGP + G IP) dnde < o
and therefore
/ |§0’ dridry < 2E(u) < 0.
R2

Thus |¢| € L'(C,R) and is subharmonic, and hence ¢ = 0 and u is conformal. Then by
Theorem 3.6, u extends to a locally Lipschitz harmonic map u : S? — X. q.e.d.

4. Harmonic Replacement Construction
In this section we prove the main theorem:

Theorem 4.1. Let ¥ be a compact Riemann surface, X a compact locally CAT(1) space
and o € CONWY(Z, X). Then either there exists a harmonic map u : ¥ — X homotopic
to @ or a nontrivial conformal harmonic map v : S? — X.

Lemma 4.2 (Jost’s covering lemma, [J1] Lemma 9.2.6). For a compact Riemannian
manifold 33, there exists A = A(X) € N with the following property: for any covering

Y C O B,(x;)

i=1
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by open balls, there exists a partition I',...I" of the integers {1,...,m} such that for any
1 €{l,...,A} and two distinct elements iy,iy of I',
Ba(z5,) N Bay(24,) = 0.
Definition 4.3. For each k =0,1,2,..., we fix a covering
O = {Bo-r ()}

of ¥ by balls of radius 27*. Furthermore, let I}, ..., I} be the disjoint subsets of {1,...,my}
as in Lemma 4.2; in other words, for every l € {1,... A},

(41) BQ—k-o-l (:L'/w‘l) N BQ—k-H (l‘]m‘z) = @, V’il, iz € ]]lg, ’il 7é 'ig.
By the Vitali Covering Lemma, we can assure that
(42) B27k73(xk-’1:1) N BQ—k—S (Ikﬂé) = (Z), Vil, 7:2 € {1, . ,mk}, 7:1 7é 7;2.

Let X be a compact Riemann surface. By uniformization, we can endow ¥ with a Riemann-
ian metric of constant Gaussian curvature +1, 0 or —1. Let A = A(X) be as in Lemma 4.2
and p = p(X) > 0 be as in Lemma 2.2. We inductively define a sequence of numbers

{r,yc2™.={1,271 272 .}
and a sequence of finite energy maps
{ul ¥ — X}

forl=0,...,A,n=1,..., 00 as follows:

INITIAL STEP 0: Fix k¢ € N such that By—«,(z) is homeomorphic to a disk for all = € X.
Let u) :== ¢ € CONWH(X, X), and let
ro=sup{r > 0:Vz € £,3P € X such that u(Bs(z)) C Bs-a,(P)}
and k{, > 0 be such that
270 <l < 27kt
Define
ro = 27" = min{27%, 27"},

and let
M,

Oky = {Bro(Thoi) ooy and I}, ... I}
be as in Definition 4.3.
For [ € {1,..., A}, if we assume that for all : € {1,... my,},

(4.3) U (Barng (T4y,1)) € By-ata—1,(P) C By(P) for some P € X,
then we can define v}, : ¥ — X from u} ' by setting

, { ug ! in X\ Usept Barg(2,,.4)
’u,o = 0

(4.4) ST ,
Dirg b=t in Bory (1, 4), 0 € I

where Pyl is the unique Dirichlet solution in W42, (Bay, (2k,4), B,(P)) of Lemma 2.2.
Uo

Since Bayy (Tkg.iy) N Barg (Tigin) = 0, Yy, ia € ],io with i1 # iy (cf. (4.1)), there is no issue of
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interaction between the Dirichlet solutions for the different balls in the set {Bayy (ko) bicrt -
0

Thus the map is well-defined.
Now note that since r(, < 1o, for every i € {1,...,my,},

U (Bary (Thyi)) C Ba-a,(P) C B,(P) for some P € X.

Thus, the map u} can be defined by (4.4). In order to inductively define uj™ for all
I € {1,...,A — 1}, we assume that the statement (4.3) is true, define the map u) by
(4.4) and prove that statement (4.3) is true with | — 1 replaced by . (Note that we
can assume that [ < A for the induction step since if [ = A we need not define the
map [+ 1.) Fix i € {1,...,mu}. If Boy(wrys) N Bory(Thy;) = @ for all j € I} then
uhy = ub ™t on Boyy (74,4) and 50 ub(Bayy (Thy4)) = b (Bayy (Tre)) C By-s+a-1),(P) for some
P. On the other hand, if By, (zg,:) N Bary(2k,;) # O for one or more j € [,io, then since
uh " (Bary (Tho1)) € By-a+a-1,(P) for some P and ufy " (Bary(Thy ;) C Bs-ara-1,(P;) for some
P; with By-a,(P) N Bs-a,(P;) # 0, it follows that u ' (Bayy () C Bs-a+1,(P) which in
turn implies that w(Bar, (Tx:)) C Bs-a+1,(P) (cf. Lemma 2.2).

INDUCTIVE STEP n: Having defined

Ty Tt € 27N,
and
ug, ull,,...,uf,\:E—>X, v=0,1,...,n—1,
we set u® = u® | and define
rn €2 N and wl,. .. ud

as follows. Let
r, =sup{r > 0:Vaz € X,3P € X such that u)(Bo,(x)) C Bs-a,(P)}
and k], € N be such that
27k < gt < 27kt
Define
rp = 27%0 = min{27Fn 27%0},
Let

Okn = {Brn (xknyl)}:r;kln a'nd I]i,ﬂ R 7]]?”

be as in Definition 4.3. Having defined u?, ..., u’"1, we now define u!, : ¥ — X by setting

) n Y

l { u, ' i S\ Uep Bor, (wh,.1)

u,, = .
n Dir, -1 : ; l
u, ' in By, (T,), 1 € I},

where P"y!~1 is the unique Dirichlet solution in Wifl(Bng (2k,.1), B,(P)) for some P of

Lemma 2.2.

This completes the inductive construction of the sequence {u!}. Note that

Ew)) <---<E@’)=FE) ), Yn=1,2,....

n—1
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Thus, there exists Ej such that
(4.5) lim E(ul) = Fy,, VI=0,...,A.

n—o0

We consider the following two cases separately:

CASE 1: liminf,_,. 7, > 0.
CASE 2: liminf,_,.r, = 0.

For CASE 1, we prove that there exists a harmonic map u : ¥ — X homotopic to ¢ = u.

We will need the following two claims.

Claim 4.4. For any [ € {0,... A — 1},

. 1 A _
Tim [[d(up, u)] [ 12(5) = 0.

Proof. Fix I € {0,...,A—1}. Forn € N, X € {I{+1,...,A} and i € I}, we apply
Theorem B.1 with uy = u;\b_l‘Bg (o ) uﬁ’BQ ) and Q = By, (zx,.:). Let w :
¥ — X be the map defined as w = u} = u)~! outside Uiery Bar, (71,4) and the map

uy =

n

corresponding to w in Theorem B.1 in each By, (zg, ;). Then

(cos® p) /
Boy,, (xg,, 5)

1
<5/ va P+ [ Vi) - [Vl d.
2 Bory, (T, i) Bory, (T, i) Bary, (T, i)

Summing over 4, using that w = u} = u)~' outside Uiery Bar, (71,i), and applying the

tan Ld(u}1, u?) |?

\Y

cos R

Poincaré inequality, we obtain

1

/E P ) dp < C (%Ewg—l) + S E) - E(w)) ,

where here and henceforth C' is a constant independent of n. Since u}) is harmonic in
Uiefz?n By, (1,.i), we have E(u))) < E(w). Hence

[ < <1E<u21> _ 1E<uz>) .
g 2 2

Thus,

A 2
[otoheatran < [ 3 i) a
P %
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n

Claim 4.5. Let € > 0 such that 3™%¢ < p, 1 € {1,...,A} andn € N be given. If§ € (0,7,)
is such that

This proves the claim since lim,, o (E(ul) — E(ul)) = 0 by (4.5). q.e.d.

8 L (ug) < 377,

4.
(4.6) logd—2 —

then l
Vo e | | Br(zk.), IPE€X such that ul,(Bs(x)) C Bse(P).
/\Zliel,jn
In particular, for | = A, Yz €3, AP € X such that u>(Bsa(x)) C B (P).
Proof. Fix €, I, n and let § be as in (4.6). For z € J\_, Uz‘elgn B,, (x, i), there exists
Ae{1,...,1} such that © € B, (x4, ;) for some i € I} and hence
B,,(z) C By, (x, i)

Since u) is harmonic in By, (2, ), it is harmonic in B, (z). By the Courant-Lebesgue
Lemma, there exists
Rl(a:) < (52,5)
such that
Up(OBg, ) (2)) C Bs-a(P,) for some P, € X.

is a Dirichlet solution and 37%¢ < p, by Lemma 2.2
Un(Bs2 (%)) C iy (Bry (o) (%) C By-ac(P1)-
Next, by the Courant-Lebesgue Lemma, there exists

Ry(z) € (6%,6%)

A

Since u;,

such that
4.7 uN(OBR, () (2)) C Bs-a(P3) for some P € X.
n 2(x) 2 2

There are two cases to consider:

A1

Case a. Bp,@)(r) N Uielgﬂ By, (z1,:) = 0. In this case, up™ = ) in Bp,)(z). Since

u is harmonic on this ball,
Uy (Bro(a) (%)) = 1p(Bra(w) (7)) C tp(Bg2(2)) C By-ae(P1)-

In this case we let P, = P.

Case b. Bp,@(x) N Ui€[];\+1 B, (w1,:) # 0. In this case, u)*! is only piecewise har-

n

monic on Bp,)(x). The regions of harmonicity are of two types. On the region § :=
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BRz(w)(x)\Uz‘eI,;\“ B, (7, i), we have up™ = u). As in Case a, we conclude that the image

of this region is contained in Bs-a.(P;). All other regions, which we index 2;, have two
smooth boundary components, one on the interior of Bg,(,)(z), which we label +;, and one
on dBp,(x)(x), which we label §;. By construction u)*! = u;, on ~;, thus
U?frl (’71) C Bngg(Pl).

Moreover, uX™1(8;) C Bs-a.(Py) by (4.7). Notice that in this case,

BB—A6<P1) N BS—A€<P2/) 7£ 0.
Thus, by the triangle inequality there exists P, € X such that
U/\+1(Ui€]2+189i) C Bi-n+1.(P).

n

A

Since u;,

+1 is harmonic on each ),

U>\+1 (Uielli"HQi) C 837A+16(P2).

Since BR2(QC) (x) =QU Uiel,?“ ﬁi,

u)\+1 (BR2 (z) (x)) C 83—A+16(P2).

n

Thus, we have shown that in either Case a or Case b,

ui\[‘—l (353 (l’)) C U?L—H (BRQ(Q;) (ZL’)) C B3—A+1€(P2).

After iterating this argument for u}*2 ... ul, we conclude that there exists P,y € X

such that
u;(B(;A ([B)) C U;(Bgl—k-ﬂ ($)) C Bg—A-s-l—,\e(Pl,)\Jrl) C Bgﬁ(Pl,)\+1).
Letting P = P,_,,1, we obtain the assertion of Claim 4.5. q.e.d.

Since liminf, .., r, > 0, there exist £k € N and an increasing sequence {nj};?‘;l C N such

that r,, = 2% (or equivalently kn, = k). In particular, the covering used for STEP n; in the

inductive construction of u® ,...,u® is the same for all j = 1,2,.... Thus, we can use the

n;? [ (7]

following notation for simplicity:
O =0y, I'=1,, B;=B,, (v, ) and tB; = By, (s, ) for t € R".
With this notation, Claim 4.5 implies that for a fixed [ € {1,..., A},

!
(4.8) {uﬁlj} is an equicontinuous family of maps on B’ := U U B;.
A=l el

In particular,{uﬁj} is an equicontinuous family of maps in 3. By taking a further subsequence
if necessary, we can assume that

(4.9) Ju € C°(%, X) such that uﬁj = u.
We claim that for every [ € {1,... A},
(4.10) ulnj — u on B' where u is as in (4.9).
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Indeed, if (4.10) is not true, consider a subsequence of {uflj} that does not converge to .
By (4.8), we can assume (by taking a further subsequence if necessary) that

Jv : B' — X such that uflj = v # ulp.
Combining this with (4.9) and Claim 4.4, we conclude that
ld(v, w)ll2gpty = lim [|d(uj, , up Ml zesey < lim [ld(u, w2 =0
j—oo j—00

which in turn implies that v = v. This contradiction proves (4.10).

Finally, we are ready to prove the harmonicity of u. For an arbitrary point x € X, there
exists r > 0,1 € {1 .,A}, and i € I' such that By.(z) C B;. Since ul is energy minimizing
in By, (z) and ul, . = uwin B; by (4.10), Lemma 2.3 implies that u is energy minimizing in
B, (x).

The map u is homotopic to ¢ since it is a uniform limit of u? . each of which is homotopic
to . This completes the proof for CASE 1 as u is the desired harmonic map homotopic to

@.

For CASE 2, we prove that there exists a non-constant harmonic map v : S? — X.

Recall that we have endowed ¥ with a metric g of constant Gaussian curvature that is
identically +1, 0 or —1. Fix
Y €2

and a local conformal chart

7:UCC—-nU)=DB(ys)) CX

such that
7(0) = v
and the metric g = (g;;) of ¥ expressed with respect to this local coordinates satisfies

For each n, the definition of r, implies that we can find y,,,y,, € ¥ with
n < dg(Yn,yp,) < 41y,

where d, is the distance function on X induced by the metric g, and

d(up(yn), v (y,)) = 37"p.

Since ¥ is a compact Riemannian surface of constant Gaussian curvature, there exists an
isometry ¢, : ¥ — X such that ¢,,(y«) = y,. Define the conformal coordinate chart

T U CC—m(U) =DBi(y,) CX, Tn(2) 1= tp o m(2).
Thus,
Tn(0) = yp.

Define the dilatation map
U,:C—C, V,(2)=rpz
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and set Q,, := ¥ om (B;(y,)) C C and
ﬂ;:Qn—>X, ﬂﬁl ::uiloﬁno\lln.

Since liminf,,_, ., r, = 0, there exists a subsequence

(4.12) {rn,} such that lim r, = 0.
j—00
Thus, €,, / C. Furthermore, (4.11) implies that

. dg(y;l,j? yn])
lim ——————

=1.
; —1
j=oo m t(yn, )|

. -1 -1/,
Hence, for z, = U, ' om, ' (y),),

(4.13) 2 < lim \anl <4
j—00
and
(414) A (2,). 80, (0) = d(u, (5,). 3, (90,)) = 37p,

Additionally, by the conformal invariance of energy, we have that
(4.15) EB(it,) = E(uy|,(,,.1) < E(ug).
For R > 0, let
D :={2€C:|z| < R}.
In CASE 1, we could choose a subsequence such that k,, = k and thus the cover was

fixed. In CASE 2, r,, = 27k 5 0 by (4.12). Therefore, as a first step we determine a
fixed cover which will allow us to apply arguments similar to those of CASE 1.

Lemma 4.6. Let Oy, be as in Definition 4.3. Given R > 0, there exists N € N and M
independent of N such that for everyn > N,

{i : By-kn (g, ;) N (7m0 U, (Dg)) # 0} < M.
Proof. By (4.11),

. Vol(m, o ¥,,(D2r))
T amREe
and Vol( B
lim ol(By—kn-3(Tn,i)) 1

n—oo 7{‘2*2]%*6
where Vol is the volume in 3. Let J C {1,...,my, } be such that

J ={i: By-sn(xg, ;) N (7, 0 W, (DR)) # 0}.
By (4.2), we have that for sufficiently large k,,
T w2778 < 2) " Vol(By-r-s(w, 1))
ieJ
2Vol(7, o U,,(Dag))
167 R*27 2.
Hence |J] < R?2'% and {By«. (7, ;) }ices covers 7, o U, (Dg). q.e.d.

<
<
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For each By-k. (2, ;) € O, , for notational simplicity let
Bn,i =0, om, (By-rn (T4,,1))
and )
tBni =V, o Y By ka(xp, ) for t € RT,
After renumbering, Lemma 4.6 implies that there exists M = M (R) such that

M ~
Dp C | B
=1
If we write
L (Ry={iel, :i<M} Vi=1,...,A,
then

A
DR C U U Bnﬂ'.

I=lier} (R)
Choose a subsequence of (4.12), which we will denote again by {n,}, such that
U tom, Hak,, i) = @ Vie{l,...,M}
and such that for each [ = 1,..., A, the sets
It = ],in]_(R) ={ic 1}%_ i < M}

are equal for all k,,. Again, note that unlike CASE 1, where B, (xknj i) is the same ball

: B j
B, for all j, the sets B,,, ;, By,.i, ... are not necessarily the same.

Since the component functions of the pullback metric (7, o ¥, )*g converge uniformly

to those of the standard Euclidean metric go on C by (4.11) and Bnﬁ- with respect to

(an o \I/nj)*g is a ball of radius 1, Bn” with respect to gg is close to being a ball of radius
1 in the following sense: for all € > 0, there exists J large enough such that for all j > J,
Bi_(%;) C By, fori=1,..., M. Moreover, for ¢ > 0 sufficiently small we have that

(4.16) Dp C | JBi_o(@).

=1
Choose J as above. Set
Bi = ﬂ an7i D Bl—e(ji) and tBZ = ﬂ tan,i for t € R+.
j=J j=J

Then

M A
(4.17) prcl B =] B

i=1 A=1 Z‘Gf)\

Claim 4.7. Forl e {1,...,A},

!
~1 . . . =~
(4.18) {a,,} is equicontinuous on U U B;.

A=liel>
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Proof. We demonstrate the equicontinuity by modifying the proof of Claim 4.5 to this new
cover.
Let € > 0 such that 3¢ < p, I € {1,...,A}, and § € (0,1 — ¢) such that

8mE(u)

_A~
log §—2 =376

where e is given by (4.16). For z € J\_, Uicir Bi, there exists A € {1,...,1} and i € I* such
that € B;. By definition,

By () C 2B; C QBnM for all n;.
Therefore @, is harmonic on B;y_.(x) for all n;.

From this point forward, the proof proceeds as in the proof of Claim 4.5, noting in par-
ticular that while the Rj(z) in the proof of Claim 4.5 now depend upon n;, each of them
is still bounded below uniformly by §**! and § is independent of n;. Equicontinuity then
follows immediately. q.e.d.

By Claim 4.7, {ﬂﬁj} is equicontinuous on [ J}_, U,ci» Bi and thus, perhaps taking a further
subsequence,

(4.19) Jig € C°(Dg, X) such that ﬁﬁj = g in Dg.

Claim 4.8. There exists a further subsequence such that for each | € {1,... A},

l
ﬂflj:?fLRO’nDRﬂ UUB

a=lcfa

Proof. Fixl € {0,...,A—1}. By the equicontinuity of ﬂl on DY, there exists a subsequence
and a vy : Dy — X such that al = v Fix A e {l+ 1 ,A} and apply Theorem B.1

with Q = B;, i € I, anduo—u |B, up = ) |B Letw:Ugt:lUiefaE%Xbethe

A

map corresponding to w in Theorem B.1 on each B;, i € I*, and equal to U, elsewhere.

Following Claim 4.4, as B;_.(Z;) C B; = Nj>s Bn i, there exists C' > 0 1ndependent of j
and ¢ such that

A1~ 1 1 _
[ B i < C (B, 5) + 5By, ) — iy, )
zef>‘ i

where du denotes the Euclidean volume form.

. ~\ . . ~ N' ~A—1 _ ~\ o~ . ~ ’“4
By construction, @ is harmonic on J;cpn By and 4y ' = @, =  outside (J;cpp By It

follows that

1 1
~A—=1 ~A ~
[ < € (5B U )~ 30 )
a=1\iel«

Therefore, following the proof of Claim 4.4,

/UA U,c7a Bi dQ(alnj ’ aﬁj)du = O(E(ﬂln] |U2:1 Uiera Bi) N E(ﬂﬁf |U2:1 Uiera BI))
a=1Yjicro
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By conformal invariance of energy and (4.5)
Bty l g Uy ) — Bl I p e ) < Bluy,)) = Bluy) = 0.

It follows that
|d(v, ﬂR>||L2(DlR) = }g{}o ||d(aizj7ﬂ2j)||L2(Dg) < jli_?(}o ||d(ﬂ;jaﬂﬁj)HL?(ngluida By — 0.
Thus, vg = ug.
q.e.d.

We now demonstrate that g is harmonic on Dgi. Let € Dg. There exist » > 0,
l€{1,...,A}, and i € I' such that By, (z) € B; by (4.17). Since harmonicity is invariant
under conformal transformations of the domain, ﬂﬁlj is a energy minimizing on QB,W-. Since
B,- - Bnﬂ C Qan,i and ﬁflj = Ugr on BZ by Claim 4.8, Lemma 2.3 implies that g is energy
minimizing on B,(x). Since x is an arbitrary point in Dg, we have shown that @y is harmonic
on Dg.

Finally, by the conformal invariance of energy, F (ﬂilj) =F < E(uf). By the

!
(unj |Bl (ynj))
lower semicontinuity of energy and (4.15), we have

(4.20) E(igr) < E(up).

By considering a compact exhaustion {Dam }2°_; of C and a diagonalization procedure, we
prove the existence of a harmonic map @ : C — X. By (4.20),

E(i1) < E(up).

It follows from (4.13) and (4.14) that @ is nonconstant. Thus, CASE 2 is complete by
applying the removable singularity result Corollary 3.8.

Appendix A. Quadrilateral Estimates

In this section, we include several estimates for quadrilaterals in a CAT(1) space. The
estimates are stated in the unpublished thesis [Sel] without proof. As the calculations were
not obvious, we include our proofs for the convenience of the reader. References to the
location of each estimate in [Sel] are also included.

The first lemma is a result of Reshetnyak which will be essential in later estimates.

Lemma A.1 ([R, Lemma 2]). Let OPQRS be a quadrilateral in X. Then the sum of the
length of diagonals in OPQRS can be estimated as follows:

1 1
(A1) cosdpr + cosdgs > —§(d?3Q + d%e) + 1_1(1 + cosdps)(dor — dps)*

-+ cos dQR -+ cos dps + Cub (dpQ, dRS; dQR — dgp) .

Proof. It suffices to prove the inequality holds for a quadrilateral OPQRS in S?. By
viewing S? as a unit sphere in R3, the points P, Q, R, S determine a quadrilateral in R3.
Applying the identity for the quadrilateral in R? (cf. [KS1, Corollary 2.1.3]),

PR +QS <PQ’+QR + RS +SP° — (SP—QR)’
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where AB denotes the Euclidean distance between A and B in R?. To prove this, consider
the vectors A=Q - P,B=R—Q,C=S5—R,D=P—S5. Then
— — 1
PR + Q5" = 5 (IA+BP +|C+ D +|B+CP +|D + AF)
= |AP+ | B +|CP+|D*+(A-B+C-B+D-A+D-0)
= |A]* + B> +|C|* + |D|* — |B+ DJ* since A+ B+C+ D =0
< |AP+ B +|CP + DI - ||B] - |DI*.
Note that EQ =2 — 2cosdyp, we obtain

cosdpr + cosdgs = —2 + cosdpg + cosdprs + cos dgr + cosdpg

1 2
—1—5 <\/2—2(:osdQR— \/2—2COSdSP) .

The lemma follows from the following Taylor expansion:

1 1
—2+cosdpg + cosdrs = —éd?gQ - 56@5 + O(dps + dpg)

sin dsp
V2 —2cosdgp

1+ cosd
— Tps(d% —dsp)? + O ((dor — dsp)®) .

) 2
<\/2 — 2cosdgr — \/2 — 2cos d5p> = (dor — dgp) + O ((dQR - dSP)Q))

q.e.d.

Lemma A.2 ([Sel, Estimate I, Page 11]). Let OPQRS be a quadrilateral in the CAT(1)
space X . Let P% be the mid-point between P and S, and let Q% be the mid-point between )

and R. Then

o (45) 0y 1y <

1
2 (d??Q +dig) — Z(dQR — dps)®

1
2
Cub (dpq, dns, d(Py, Q;), dor — dsr) .

1
2

Proof. As a direct consequence of law of cosine (see also the figure below), we have the
following inequalities

a (cosd(Q%, S) + cosd(Qé,P))
B (cosdrs + cosdgs)
B (cosdrp + cosdgp)

where
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@
Q R

P S

Combining the above inequalities yields
cos d(Q%, P%) > aff (cosdrs + cosdgs + cos drp + cosdgp) .

We apply (A.1) for the sum of diagonals cos dgs + cos drp and Taylor expansion for cos dps
and cosdgp. It yields

1
oS d(Q%, P%) > af (2 - (d%Q +d%e) + 1(1 + cosdps)(dor — dps)* + cosdgr + cos dps)
+ Cub (dpg, drs,dgr — dsp)

1
= ozﬂ (2 -+ cos dQR -+ cos dps + 1(1 -+ cos dps)(dQR - dp5)2) - Oé/B(d?gQ + d%ﬂS)

+ Cub (dpQ, dRS, dQR — dsp) .
Note that

1
2+ cos dQR -+ cos dpg + Z<1 -+ cos dp5)<dQR — dpg)2

1
2 @) + = COS2 %(dQR o dPS)2

dor
—9 2 %Q
(cos + cos 5 5

2

d dps\> d d 1 d
ZQ(COS%—COS%S) jLélcosﬂcosiS%——cos2 ps

el o 2
9 2 2 9 (dor — dps)

1 d d d 1 d

— Zsin® L2 (dgr — dps)? + 4 cos —2E cos =2 4+ = cos? L2 (dgr — dps)? + O(ldor — dps|®)
2 2 2 2 2 2
1 d d

= 5( or — dps)* + 4005% cos%s + O(ldgr — dps|?).

Since a8 = o + O(|dgr — dps|), we have
1
COS d(Q%, P%) > 1-— OéQ(d%»Q + d%%S) + QQQ(dQR — dps)2 + Cub (dpQ, dRs, dQR — dsp) .

The lemma follows as

*(Q1, Py)
cosd(Qy, P1) =1 — ———=+0(d"(Qy, P)).
q.e.d.

Definition A.3. Given a metric space (X, d) and a geodesic ypg with dpg < m, for
7 €[0,1] let (1 — 7)P + 7@Q denote the point on ypg at distance 7dpg from P. That is

d(1—71)P+71Q,P) = 1dpg.
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Lemma A.4 (cf. [Sel, Estimate II, Page 13]). Let APQS be a triangle in the CAT(1)
space X. For a pair of numbers 0 < n,n" <1 define
Py=1-7)P+7Q
Sy =(1=n)S+nQ.
Then

= <s<1112_d21~d%) (dps — (dos — dgr)*) + (1 = n)(dgs — dgr) + (W' — n)dgs)”

+ Cub (dps, dgs — dgp,n —1') .

d2(P77’v Sn) <

Proof. Again we prove the inequality for a quadrilateral on S*. Denote z = dgs and
y = dgp. Denote

_sinldgs) _sinnr) . sin(n/dgr) _ sin(y'y)
n — N — N 5 n' — .
sin dgs sin

sindgp siny

P

Q 5, S

By the law of cosines on the sphere (see the figure above),
cosdps = cosx cosy + sinzsiny cos @ = cos(x — y) + sinxsiny(cosd — 1)
cosd(Py, S,) > cos((1 —n)z) cos((1 —n')y) + sin((1 — n)z) sin((1 — n')y) cos b
= cos((1 — )z — (1= 1)y) +sin((1 — n)z) sin((1 — 7')y) (cos6 — 1),

where 6 denotes the angle ZPQS on S%. Substituting the term (cos® — 1) of the second
inequality with the one in the first identity, we obtain

cosd(Py, 5,) 2 cos((1 = 1) — (1= 1)) + a_y iy (cos dps — cos( — 1)
=cos((L=n)(z—y)+ (' —nz+ (0 =)y —2)) + of_, (cosdps — cos(z — y))
+ oy (B1—y — a1-y)(cosdps — cos(z — y)).

Using the Taylor expansion cosa = 1 — % +O(a*) and (Bi1—y —a1-y) = O(I0' =]+ |z —yl),
we derive

(L= -y + 0 —nz)? dps | (z—y)°
cosd(Py,S,) > 1— 5 +a? <_ 25 i > )

+ CUb(W - 77|7 |‘T - y|7dPS) :

It implies that

d*(Py, Sy) < of , (dpg — (x —y)*) + (L —n)(z —y) + (' — n)x)?
+ Cub (|7 —nl, |z — y|,dps) .
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Corollary A.5. Let u: Q — B,(Q) be a finite energy map and n € C(€2,0,1]). Define
u:Q— B,(Q) as

i(z) = (1 —nlx))u(z) +n(z)Q.
Then @ has finite energy, and for any smooth vector field W € T'(Q2) we have

sin(1 — n)R"

sin R ) (‘u*(W)‘z - ]VWRU|2) + |V ((1 - n)R“)]Q,

v <
where R*(x) = d(u(x), Q).

Note that every error term that appeared in Lemma A.4 will converge to the product of
an L' function and a term that goes to zero. So all error terms vanish when taking limits.

Lemma A.6 (cf. [Sel, Estimate III, page 19]). Let OPQRS be a quadrilateral in a
CAT(1) space X. Forn',n € [0,1] define

Qy=1-=7)Q+nR, P,=(1-n)P+ns.
Then
d2(Qn’7 Pn) + d2<Qlfn’7 Pl*n)
1 1 1
< <1 + 27]dp3 tan(adp5)> (d?gQ + d%%S) — 27’] (1 + §dps tan(adp3)> (dQR — dPS)2

+2(2n = 1)(n" = n)dps(dgr — dps)
+ n*Quad(dpg, drs, dor — dps) + Cub (dor — dps, dpg, drs,n — 1)

Proof. For notation simplicity, we denote

sin(nx)
sinz siny

T = dPSa Yy = dQR7 Oy =

We derive

cos d(Q1—y, Pi—y) > ayycosd(Q1—yy, S) + a—y cos d(Q1—y, P)
> ay(By cosdgp + Pr—y cosdsg) + a1y (B, cosdpr + F1—y cosdpq).

Compute similarly for d(@,,, P,) for the highlighted triangles below:
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R

We derive
cosd(Q,y, P,;) > aycosd(Qy, P) + ai_y, cosd(Q,y, S)
> ay,(By cosdpg + iy cosdpr) + oy (By cosdsqg + 1y cosdsr).
Adding the above two inequalities, we obtain

(A2) cos d(Q1—y, Pi—y) + cosd(Q,y, P,)
> (ayBy + aq—yfioy)(cosdpg + cosdsr) + (B + 1y By)(cosdpr + cosdsg).

Applying (A.1) to the term cosdpgr + cosdsq and using Taylor expansion, the inequal-
ity (A.2) becomes

d? d?
cos d(Q1—ry, Pi—yy) + cosd(Q.,y, P;) > (anfBy + a1-pSBi—yy) ( — %Q — %)

1 1
+ (Oénﬁl_n/ + Oél_nﬁn/) <—§(d120Q + d?sz) + 1(1 -+ cos dpg)(dQR — dp5)2 —+ cos dQR -+ cos dp5>

+ Cub (dpQ, dRs, dQR — dsp) .

Hence,
cos d(Q1—y, Pi—y) + cosd(Q,y, Py)
(A3) > (g gy + iy + ary i) + i)
(A.4) + 2(n By + a1—pBiyy) + (i fBr1—y + 1By )(cos dgr + cosdpg)
(A.5) + }l(@nﬂln’ + By ) (1 + cos dps)(dgr — dps)*

+ Cub (dpQ, dRs, dQR — dsp) .

We need the following elementary trigonometric identities to compute (A.3), (A.4), (A.5):

By By = sin(n — 3)zsin(y’ — 1)y cos(n — 3)zcos(n’ — 3)y
e B 2 sin %x sin %y 2 cos %x CoS %y
B sin(n — %)x sin(n’ — %)y cos(n — %)x cos(n — %)y
iy + A1y = = in Losin L T cos L
2sin S sin 5y 2 cos 5 cos 5y

COS 51’

(cos(n —3)7

2
1
T ) =1+ 2nz tan §x—|—0(772).
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Noting that

cos(n — )z cos(n’ — Ly
O‘nﬁn’ + O‘l—nﬂl—n’ + O‘nﬁl—n’ + al—nﬁn’ = 2 2

COS 5T COS 3y
(cos(n —3)x

COS lﬂ?

2
) Ol 1] + & — )
2

1
we obtain for (A.3)

1
- Q(O‘nﬁn’ + 1By + apbiy + O‘l—nﬁn’)(d%Q + d%R)

1 1
=5 (1 + 2nxtan(§x>) (dpq + dsr) + O ((0° + In = n'| + |z = y])(dpq + dig)) -
Lemma A.7. We can compute (A.4) as follows:
2(0m By + a1-nSriy) + (ayfroy + a1y By )(cos z + cos y)

—2= (- =+ 0 - o) + = ooy

cos?’(n — Yz ., 1
a1 S (5@ = 9)* + O(le — yP (e —y[ + " = n])).
cos® 5T 2
Proof.

2(ayBy + cq_yfi_y) + (oBi_y + c1_y By )(cos x + cosy)
B sin(n — %)x sin(n’ — %)y(

cos(n — %)az cos(n’ — %)y(

2 — cosx — cosy) + : i
2 cos 5 cos 3y

5 ein Lo sin 1 2 4 cosx + cosy).
sin 5z sin 5y

Note that
2 — cosx — cosy = 2(sin 11’)2 + 2(sin 1y)2 =2 (2 sin lx sin 1y + (sin 13: — sin 1y)2)
2 2 2 2 2 2
= 4sin %m sin %y + %(cos %x)2(x — )%+ O(Jx —y|*)
1, 1, 11 1 1,
2+ cosz + cosy = 2(cos —x)” + 2(cos =y)° = 2 (2 cos —x cos =y + (cos —x — cos =y) )
2 2 2 2 2 2
= 4 cos lx cos 1y + 1(Sin lm)Q(w —1)* 4+ O(|z — y|*)
2 2 2 2 ’

where we apply Taylor expansion in the last equality. Hence we have
2(a By + ca_yfri—y) + (ayBiy + c1_yBy)(cos x + cosy)

1 1 1 1 sin®(n — 3)x
=2 (sin(n — §>I sin(n’ — E)y + cos(n — i)x cos(n’ — §)y> + 4;7711—2%;)(005 §x)2(a: —y)?

cos*(n — 5)r .
* 400821525' (SIH§I)2(x_y>2+0<|x_y|2(|x_y|+|7I/_77|))~
2
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Here we use the estimates

sin(n — )z sin(y’ — 1)y B sin®(n — 1)

I 1

—7 o =O(In—7'[ + ]z —yl)
52 8in 5y sin® 5

2 sin

and

cos(n — 3)zcos(n — 1)y B cos?(n — 3)x

=O(ln—7'| + |z —y|).
2cos%xcos%y 20052%$ (In—n'[+1 yl)

Observe that

1 1 1 1
(Sin(n = s — 5)y +cos(n — 5)z cos(y — 5)@/)

~ cos (<n— - 2) + 0 — i+ —n)(y—x>)

and use cosa =1 — “2—2 + O(a). q.e.d.

Lemma A.8. Adding the terms in the previous computational lemma that contain (x—1vy)?
to (A.5), we have the following estimate:

1
Z(O‘nﬁl—n’ + a1y By ) (1 + cos ) (z — y)?
1, ,  sin®(n— %)x 5, 1 , cos?(n— %)x . 2

1 1
= (1 + grtan sa)(@ = y)* + O(le = yP*(n* + v =yl + In = /])-
Proof. Noting that 1+ cosz = 2cos?(3x), we have that

@081y + a1yfy)(1 + cos)(x — )

_1 (_ (M) n (M)> cos? (32) (& — )’ + Ol — yP (g — o + |z ~ ).

4 5 cos %:1:
Therefore,
i(anﬁl_n/ + a1y By ) (1 + cosz)(z — y)?
- =+ P ot O L)oo
— (T - 0= 57) - 0+ Ol = Pl = )+ o = o)

1 1 1 1
= (3 goetande— (<0 ) (0P 4 0le = s 07 + 1 + 1o = o).

q.e.d.
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Combing the above computations, we have that

cos d(Q -y, Pi—y) + cosd(Q,y, P,)) > 2 — 3

1 (1 + 2ndps tan(%dps)) (dpg + dig)
1 1 2

+n(l+ idps tan §dPS)<dQR —dps)

— (2n = 1)(n" —n)dps(dgr — dps)

+ n*Quad(dpg, drs, dor — dps)

+ Cub (dor — dps, dpg, drs,n — 1)

Taylor expansion gives the result. q.e.d.

Corollary A.9. Given a pair of finite energy maps ug,u; € W'%(Q, X) with images
u;(Q) C B,(Q) and a function n € CHY), 0 < n < 3, define the maps
uy(x) = (1 = n(x))uo(z) + n(z)u ()
u1—n(z) = n(@)uo(z) + (1 —n(x))u ()
d(x) = d(uo(x), ur (2)).

Then u,, u1—, € W(Q, X) and

|Vun|2+|Vu1 n|2 (1+277dtan )(|Vuo| + | Vuy )

—2n(1 + dtan )|Val]2 —2dVn - Vd + Quad(n, |Vn)|).

Appendix B. Energy Convexity, Existence, Uniqueness, and Subharmonicity

As with the previous section, the results in this section are stated in [Sel]. Excepting the
first theorem, they are stated without proof. As, again, the calculations are non-trivial and
tedious, we verify them for the reader.

Theorem B.1 ( [Sel, Proposition 1.15]). Let ug,uq : & — B,(O) be finite energy maps
with p € (0,%). Denote by

E

0).
_>

Then there exists a continuous function n(x) : Q — [0,1] such that the function w : Q —

B,(O) defined by
w(z) = (1 =n(z))uy () +n(x)0

is in WH(Q, B,(0)) and satisfies

2
1
o p) [ |V Iy < 5 ( [ vuoldu, + [ !VulPdug) - [ [vud,
Q Q Q Q

wh—t

tan %d

cos R
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Proof. Once the estimates in Lemma A.2 and Lemma A.4 are established, we proceed as
in [Sel]. Choose 7 to satisfy
sin(1 = n(@)R() ___d(a)
sin R(x) 2
Note that 0 < n < 1 and 7 is as smooth as d(x), R(z). It is straightforward to verify that
we L} O, B (O))
For W € F(Q) consider the flow € — x(¢) induced by W.

() uy ()

m%d(e)) e
@)

Applying Lemma A.2 to the quadrilateral determined by P = wug(z(€)),Q = wuo(z), R =
uy(x), S = uy(z(e)), divided by €%, and integrate the resulting inequality against f € C'>°(£2)
and taking € — 0, we obtain

(05 552 ) 10y 07)F < 5 (0o OV + ). (W) = § ¥l

2 -2
Note that the cubic terms vanish in the limit as every cubic term will be the product of an
L' function and d(z) — d(z(€)) or d(u;(z), ui(z(e))), i = 0, 3, 1.
Applying Lemma A.4 to the triangle determined by Q = O, P = ui(z),S = u%( z(€))

[V

yields

)+ (W) = [VwRE) + [Vw (1 = n)R)[*

[V

OXUGTEY L

_ <cos %@) (s ). (W) = [V RI) + [V (1 = )R

The above two inequalities imply
1
[ (WP < 5 (I(wo)o (W) + [(w)(W)F)
1 d(z
- b (e ) @+ 19 0

By direct computation,

1 d(x
- b = (e 80 (@R 4 19w @ -
- cos* R(x) cos @ tan@ ’
1 sin? R(z) cos? d(2) cos R(x)
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The lemma follows from estimating

cos® R(x) cos* 42} d
(@) Qd( = cos® R(z) cos® d(z) > cos® p,
1 — sin® R(x) cos® %2 2

dividing the resulting inequality by €2, integrating over S*7!, letting € — 0, and then inte-
grating over (2. q.e.d.

™

Theorem B.2 (Existence Theorem). For any p € (0,%) and for any finite energy map
h:Q — B,(0) C X, there exists a unique element P"h € W,-*(Q, B,(O)) which minimizes
energy amongst all maps in W}}’Q(Q,m).

Moreover, for any o € (0, p), if P"h(0Q) C B,(O) then Pirh(Q) C B,(0).

Proof. Denote by

Ey = inf{E(u) : u € W}*(Q,B,(0))}.
Let u; € WH(Q, B,(P)) such that E(u;) — Ep. By Theorem B.1, we have that

(COS8 p)/Q tan §d(uk(x), Ug(:L’))

cos R
where wyy is the interpolation map defined by Theorem B.1. The above right hand side goes
to 0 as k, ¢ — oco. By the Poincaré inequality,

/ d(ug, ug) dpg — 0.
0

\Y

] g < 5 (Bu) + B(w)) — Eluws)

Thus the sequence {uy} is Cauchy and w;, — u for some u € WH*(Q,B,(0)) because
Wt2(Q,B,(0)) is a complete metric space. By trace theory, u € W;’Q(Q,BP(O)). By
lower semi-continuity of the energy, E(u) = Ey. The energy minimizer is unique by energy
convexity.

Finally, since p < 7, for any o € (0, p|, the ball B,(O) is geodesically convex. Therefore,

the projection map 7, : B,(O) — B,(O) is well-defined and distance decreasing. Thus, since

Dirp(Q) c B,(0), we can prove the final statement by contradiction using the projection
map to decrease energy. q.e.d.

Lemma B.3 (cf. [Sel, (2.5)]). Let up,uy : Q@ — B,(Q) C X be finite energy maps
(possibly with different boundary values). For any given n € C°(2) with 0 < n < 1/2, there
exists finite energy maps uy, i, € Wy2(Q,B,(Q)) and wy_y, i, € W3 *(Q, B,(Q)) such that

[ (i) [* + 7 (1) [* = [ (o) [* = [ (ur) |
< —2cos R"" cos RV (-iann> - VF, 4+ Quad(n, Vn),
sin

where
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and

o \/ 1 —cosd
TV cos Run cos RMi-n'

Proof. Let n € C(Q) satisfy 0 < n < 1/2. For 0 < ¢,¢ < 1 that will be determined
below, we define the comparison maps

(1 = o(2))uy(z) + ¢(2)Q
(1 = p(z))ur—y(2) + P(2)Q,

~

U

where
up(x) = (1 —n(x)uo(z) +n(x)ui(z) and w_,(z) = n(z)ug(z) + (1 — n(x))u (x).

By Corollary A.5,

sin(1 — ¢) R"

sin R

(i) + (i) < ( ) (1) — [VR ) 1 V(1 — )R

sin [R¥1-n

(BRI P (VRS + 90 )R

Define ¢ and v so that

sin((1 — ¢)R™)

=1- Qndtang +O(n?)

sin? R
sin?((1 — ) R“-n) d
=1-—2pdtan = + O(n?).
sin? Ru1-n e g +00r)
Since W =1—afcotf + O(a?), we solve
tan R" d tan R“1-7 d
p=n a;% ndtan§ and @D:n%dtani

Note that in particular u,, @, € W3*(Q, B,(Q)) and uy_y, i1—, € W;*(Q, B,(Q)).
Together with the estimate for |m(u,)|? + |7 (ui—y)[* in Corollary A.9 (which also explains
the choice of ¢ and 1 in order to eliminate the coefficient), we have

|7 (i) |* + |0 (1) [* = [ (o) |* — | (wa)
1 d d
< —2n(1+ 5dtan §)|Vd|2 —2dVn - Vd — (1 — 2nd tan 5)(|VR’“7|2 + |[VR"=n|?)

tan R%»
Rn

tan R¥1-n
U—RUHI

d d
+|V(1—n dtan E)R“"|2 + V(1 - dtan 5)R"”"|2 + Quad(n, |Vn)).
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Simplifying the expression and using 1 — sec? = —tan? 6 , we obtain
(B.1)
1 . N
5 (I (@)l” + [ ()" = 7 (o) " = |7 () )
1 d d
< 77< —(1+ §dtan §)Wd\2 — dtan §(tan2 R“|VR"“|* + tan® R~ |V R"'-7|?)

d
= V(dtan3) - (tan RV R™ + tan R“MVRUM))

+Vn- (—dVd — tan R""d tan gVR“" — tan R"'-"d tan gVRul”) + Quad(n, Vn).

We hope to find a, b, F;, which are functions of d, R*" and R“*-" such that the right hand
side above is < aV(nF,) - VF,.

Since aV (bnF,) - VE, = n(ab|VF,[> + §Vb- VE?) + @y - VF}?, by comparing the terms
involving V7 in (B.1), we solve

b d d
%VU : VFW2 =Vn- (—dVd — tan R“"d tan §VR“" — tan R“*="d tan 5VR““">

d d
= —dtan §V77 . (V log sin® 3~ V log cos R"" — V log cos R“l"’)

1 —cosd

sin cos R cos Rwi-n’

d
=g 08 R“"cos R"=—Vn -V

2d
2

where we use 2sin® ¢ = (1 — cosd) and tan ¢ = =924 Tt suggests us to choose

a_b__ d 1 —cosd

2 sind cos Rt cos R*1-n
We then compute the term 7(ab|VF,|* + $Vb - VF?) for the above choices of a,b, and F,.
For the term ab|V F,|?, we compute
d
2sind(1 — cosd)

cos R""cos R"~" and F), = \/

ab VF 2 = Sin dVd —+ 1 — COSd tan RU‘WVRU”] + tan RuI*WVRul*” 2
n

v

dsind
——7  \VdI? + dVd - (t Un un 4 ¢ U1 U1—p
(2<1_C08d)|v |+ dVd - (tan R*"VR"" + tan R“'-"V R"1~")
d(1 — d
N ( cosd)

sind (tan2 Run|VRun’2 +tan2 Rul_”‘VRul—’?P)) |

where we expand the quadratic term and use the AM-GM inequality to handle the cross
term (tan R*7VR“) - (tan R“-"VR*“-n). For the term §Vb- VF?, we assume b = b(d) and
compute:

a 5 ab 9
§Vb -VE, = EVlogb VI,

1 _ /
wb—Vd - (tan RV R"" 4 tan R"'"-"V R"=").

= —db—,|Vd|2 -
N b sind b
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Combining the above inequalities, we obtain

dsind

BIVE 2+ 2vp. vE2 > — | 22E
abVEy| +2V Vi, 2 |:(2(1—C08d)

b/
+ dE) Vd|?
d(1 —cosd)V/
+ (d + w—) Vd - (tan R*"VR"" + tan R"~"V R"~")
sind b
d(1 — d
N (1 — cosd)

sind (tan® R"|VR"“|* 4+ tan® R~ |VR"“—*)| .
1m

Comparing to (B.1), we solve

dsind 1 d
_ 1 =(1+= —)Vd
2(1—cosd)Vd+dv ogh = ( +2dtan2)v
d(1 — cosd d
avd+ W=D G100~ Vidtan D).
sin 2
which implies that b = ﬁ, and hence a = —2 cos R*" cos R"*~".

q.e.d.
Theorem B.4 (cf. [Sel, Corollary 2.3]). Let ug, uq : @ — B,(P) C X be a pair of energy
) g

minimizing maps (possibly with different boundary values). Let d(x) = d(ug(x),ui(x)) and

RY = d(u;, P). Then the function
1 —cosd
F =
\/cos Rvo cos Rv

satisfies the differential inequality weakly

div(cos R" cos RV F) > 0.

Proof. Let n € C°(Q) with n > 0. For ¢ > 0 sufficiently small, we have 0 < tn < 1/2.
Let i, and ;_4, be the corresponding maps defined as in Lemma B.3. Since uy and u,
minimize the energy among maps of the same boundary values, we have

0< / (i) + (i) ? = [(uo)? — I ()P djag

< / —2cos R"" cos R~V (,idtnFm> -V E,, dp, + t*Quad(n, Vn).
Q S1n

Dividing the inequality by ¢ and let ¢ — 0, since R*" — R"“® and R*'~*" — R"* and Fy, — F,
we derive

d
0< / —2cos R* cos R"'V (—nF) -VFdu,
Q sind

d
= 2/ < . nF) div (cos R* cos RV F) dp,.
Q

Sin
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