
z[n�aXSuq�_��lVi,=� (Lan-Hsuan Huang) Dan A. Lee

1. ~}HS#'Q 1915ky Albert Einstein (9z�) yb3i�B�MU~B℄3i�Bq=$()o)	�+0U&�)���Sy\��MB 20℄*T��HFhyMU�)�����BH}�y���)gbxÆyCm—— )L!Vb`&S%�0y�Z�pb\(�xRKbxÆ	xÆoW%�
SoE	xÆqt�LRK\Z	"k�d��o{y�z���i\yP�� 2020 ky Nobel (p� ) T��D�lSt�T��- Roger Penrose (xCz), 9� “xÆ�Mbb3i�By)L4S\�y#b”, �L��T��- Reinhard Genzel (Pu ) q Andrea Ghez (D=), 9�Py “QP�Z�~Gh�+�T��y#b�” Z_ Einstein +PHq#by.~(P ——Schwarzschild (N4^Y w) P� —— Xryb)LxÆ�z�T��-���
Einstein, �0BxÆ�Z�g�oH��JyP�o��zP1DZ
S"Xr
Sy�)�Penrose HlCmy 1965 kyBL [Pen65] 1I;xÆi\y�
�B!VboLL�J
oy��^&1)o��D-Vz�-�:xÆ�Mb)L
SyT�bs�pb�g�4z#%~�Penrose#i=6�<0"sq3�y+%I\
~7A� Notices of the AMS, Vol. 69 (2022), No. 4, p. 536–545, Trapped surfaces, topology of
black holes, and the positive mass theorem, Lan-Hsuan Huang and Dan A. Lee, figure number 9.
Copyright c©American Mathematical Society 2022. All rights reserved. Reprinted with permission.Ofu�ÆVK�mT7MV����
Lan-Hsuan Huang xn|Ki�u�Hm��zKj�� lan-hsuan.huang@uconn.edu.
Dan A. Lee ogLgi����erogg"i��eK��u�;Hm�	zKj�� dan.

lee@gc.cuny.edu.

· 322 ·



B#.b3i�By�d�U��S/�Q&�y+%L)1&�&b`=℄* 60 kktW�����y�dH Vx��T��-P1Coh�t�Z�~o;xÆ���QP�#y�Z�;vZ��J^<1g#`y�Wb�dy�p`=℄* 90 kktW�Genzel q Ghez 4sy�!.�tW�;vZ�~?Xy{�I\�y^<�℄itOkyh�h\(ytjj��QPboL�~0B�zj�bq)L�+b 43 /LÆ#�+yxÆyoi)�y [EG96, GKMB98], ;+ 2.1)

, 1 	6'��^jz,p{\/*M�[��zHi�,y��y;z�[l(<y�`=iRz����A�_|�za�y�z�>%CÆF,$�
, 3 	6,p{\/2`�[ Messier 87. N>Æ7w,a�[zHi�,y�V�zw8�AKz*�.z�|�N_Æ7w,
Einstein :daKNzAy�z,p [Eve19]

I�oSX��o 2019 k�_<hQ9` (Event Horizon Telescope)—— )L&u&�B�9`ye(uJna —— VQPwt. Messier 87 ()Ln~� 550 /`ky1_�Z) �~xÆy6�+o�;+ 3.o�zL}��QPBz[ Penrose t℄
y\Q8V (trapped surfaces) q!b58V (marginally outer trapped surfaces,

MOTS) yCm�-�
Py)zAG��)~�QPB�B Stephen Hawking (�T) \QxÆy3�yOg�qtWQ Richard Schoen q�M% (Shing-Tung Yau) y��+	�y)zH}yWz�� MOTS y�d�V.)!�PxÆy`z
�yLy+%�+�&�v�Vy�dL��i|�Z��v�V�Bb)Lt�=z2>y(��
L)LzFy�-9�t 18 ℄* Lagrange (J�2) TJy�U�Wb3i�B�5��v�Voiq�y4Z�4�-�JT�TP��lLz�yAG�;+ 4.2)�d MOTSq�v�V�5yL!&Zj�.�b3i�Bq<0"syh+�LMgy#z�
2. {\oo�zL}�QP��yC	�^b)L 4 DP��k'; 1 LP5D�q 3 L�5D��+�IQQP%Xr)L (S(=y) [!=$Z(� 4)L�Z�QP1C�LP�o “S� (infinity)” ?X>X~b)L~(y~�P��&gb#D�xy
Minkowski (O|4z�) P��xÆy�Jt�=y)L)�	3biq$p
y�pbb?�x�qQPxtP��y +�Qu (black hole region), QP�yb)LlL4^
1) , 2  W. M. Keck �Mz�|�:�%℄[�#�a>^+ 90 llX�Ghez  �/�H

Keck �Mz:darAeBa�[)RB/8E{�,<w[��k�z|�k�—— 71
2) , 4 �w�WpA.r 3D g�%q�zBH�:�%℄[�#�—— 71
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�y�Z�̀ xÆ�Z#Uy`F1gte��Zy0���`�0�yM)�QP�gQ�)!`g “�0tS�” . xÆ�Zy!QII [0℄2 (event horizon). oP��N	)L�5y 3D “P5��”M ,QPl%�P M �ybz�JQxÆ��pb1	jyb�IQxÆ�Z�gIP�y�
�o$p=	3�oLL M yFP5P�G� , 5 $E�6r “a~” \j�WmMw0zW��Z�5��W Σ1 �\�'Q��Rd9W Σ2, W��Z:wzy7&�Ty��^�l%�v M �y)LN	�b3JQxÆ�b1�gy�
Penrose y8VCmNQP�V.)L1�%�v�F�!�gg�PxÆJ�y��-b�oP��N	)L 2 D�V Σ, ls` Σ yM�#U)!`g�)~	3

Σt b#i9��z`gt)L9t —— P5 t �xty�V�9_ Σt �-�0Bb`
Σ #Uy)L “`} (shell of light)”. (01QP1A�B�L t lMS(y “P5”, 9B`1℄�P5y7a�)QP#D�94gQPIeBU�z`�Σt yV�B� t 9v��4gQPq5BU
P�Σt yV�Bv/�go Minkowski P�y)L%:�Vy���pb�o�=$oy��^�5�`}F�go Σ yM)��lL9vyV��Y�o�!��^QPx Σ b)L () i"F ((outer)trapped surface). ;+ 5. &P�)L 
wi"F (marginally outer trapped surface)(� MOTS ) �ybV��YoM)��P5 t �b)K1#y�!b���

Penrose*[y��	�E�o)	yT�=u�y1C^�)L�8Vyo1I;o)!`�8V#Uy`gH te)L����q=�)L8Vy�BFqL�ox!V`gb “q5�qy”, 
P1)b “qej�y”, �℄�~2/.`1�g “�0” y1{�9B�L
#q Penrose y��	��T��-P℄DB8VUxÆyo&Z	���_S=�o)	y�1C^�-PI�g�Z8V)	JQxÆ�Z�e�IQ�!\Z�M� (W) i"Qu ((weakly) trapped region of M)(QP	3
B�8V� MOTS ?/y M y�Z) �-�wJb M qxÆ�Z�FyS8ny�k�� M��'℄2 (apparent horizon of M) (QP	3�B M y8�Zy!Q), �-�wJb M q_<hQ�FyS8n�k��zCmyoZb8�Zq'^hQbI �5 3 D “P5��”M ytj7&(	y�
3. tgd`IQQPl%y; 4 DP��pLLA)(	y “P5L%”, b3i�By�)�^b)L 4 D7��)L 4 D7� N =y)L Lorentz (DA=) �+ g o N =yM)L��5	3.)Lp?B (−, +, +, +) ye��`�~+�Q����1I;o N=yM)��L)LI�q+ {e0, e1, e2, e3} GMy�F��Vx g(e0, e0) = −1, -��
i = 1, 2, 3, g(ei, ei) = +1. 9_4g)L�q+ v G�G�{Ub (v0, v1, v2, v3), K
g(v, v) = −(v0)2 + (v1)2 + (v2)2 + (v3)2. 4gQPB Riemann (�H) "slJh4�MB Euclid (q"�x) �+ ds2 = dx2 + dy2 + dz2, QP&�-�|~B Lorentz �+wJ
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bo Minkowski �+ ds2 = −dt2 + dx2 +

dy2 + dz2 =h4�My�℄3i�B��=b Minkowski"s=yT��9_ Lorentz 7�bb3i�B�)�^y℄9b��BA�b℄3i�B=yh4�M�SW)3�QPB℄D1Zx~1Co`!13^ g >XQ Minkowski �+�� N =y.1�q+ v, J
b >X�
(timelike) 4g g(v, v) < 0, >(� (null) 4g
g(v, v) = 0,>;� (spacelike) 4g g(v, v) > 0.

, 6 pN*�z��6�RQ�.
4H�rj#a8�,�OV/*MH��ar, e0 +
e1 r e0−e1. 
;�h�az��N*�z�r,��az�N_z?8���z�:C�pN�z�r,���z9_ 4�e0 b�Py�e1 b��y�e0 + e1 b�`y��`q+�M)Lv7 (double

cone), 
B�Pq+q��q+0t�)LX; (spacetime) b)LjL�	3ynJ�Pq+By 4 D Lorentz 7� (N,g), QP�-B�LnJ�Pq+B�JQPoM�y e0. �L�si�QPW)3�0JQ=�L`7V�=��ey g< (future) �`��Pq+�qJQ^�L`7V�=��ey *S (past) �`��Pq+�
N y)L>7��JJb�Py�4g
y�L�q+�b�Py��{3~�4g

go�=OsU)L Riemann �+��)~�QP	3 N y)L >;!�F (spacelike

slice) B)L 3D��G�V M , 
gbQP���ty “P5��”. )L��0=V MyOs Riemann �+ g q�!��� 1)k �-(%~2/ M yP�"s�QPBÆ
(M, g, k)JB)L �Y^7/ (initial data set). )!�g�JB�`y (��Py), 4g
y�q+oM��b�`y (��Py). ;+ 6. 4&o Riemann"s��)L Lorentz�+ g NQP)L “�g” yCm�QPJ�B<~g�)! (j (light ray) y9boP��X�U)!G��`<~g��)LL�+y7"#>X�U)!G��P<~g�)LX�U��<~gy7"#>Bux�`���9_b.T�y�

Einstein +P%� g y`z “�=” �Æ{QXrg+oP��02y�$ – g+~+ (stress-energy tensor).2)QP�-B�z+PwJ g =y-�$ – g+~+JBay)L<my.g
{<0+PG�)LSWtj� (M, g, k) �-�wJ�L{<0+PGy Cauchy (zW) tj�o Yvonne Choquet-Bruhat (tv – 2:
) \Q Einstein+Pyd	
y�XTJ�k\0Vy��4�V�ty�Schwarzschild �+b�)L#by.~(P�anB2�o)L�nyL%�s^�{Ae m � Schwarzschild �A (Schwarzschild metric of mass m) �-{B
gm = −

(

1 −
2m

r

)

dv2 + 2dvdr + r2dΩ2,

1) M ⊂ (N, g) z�"���
4C ∇gn z�r51��� n M zH�oK&h�—— ^1
2) m���	��yz�>�z g z Einstein �,�
4C G = Ric− 1

2
Rg, �� Ric r R 1* g z Ricci �>ru,�>�—— ^1
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�b R× (0,∞)×S2 =y)L`� Lorentz�+��� v ∈ R, r ∈ (0,∞), dΩ2 b�V S2 =y%: Riemann �+�o�LP���QP�-�Z`�Z r ≤ 2m e#Uy`gF1gte�Z r > 2m, � r > 2m ey�L��g#i)!`g'Jt “S�”. ��	p�x�r ≤ 2m �Zb)LxÆ�Z��!Q
r = 2mb_<hQ��L)L_Sb�q r �Q 0 P��=#:V�+#x�8�W)3�.sWQ r < 2m y`g (�L�+y7"#>) �B1� U~46�L���;+ 7.

4. sooTQZ�VQPbG “`}” y�9V��YXry8V�boQPBÆ
Ex\(z�p , 7 Schwarzschild �,pf� Eddington-

Finkelstein M&_ (��/ 1 ME�). /ta
r < 2m z�$Vzah�C57 r = 0 z���JEu v, r M&
4zW Σv,r r r < 2mQd9W�r r = 2m  MOTS �,k`QP��BS8nyB#)L 3 D Riemann 7� (M, g) =y�V Σ yV��YyCm�1C ν b Σ =y)LnJ%q+�QPBÆ
wJb “5qy” +q (1_ Σ b3B M 0M “54” q “e4”), 6 Φt B M =y)F<0&v�Φ0 B{{EB�t

Σt: = Φt(Σ) 	3.)F�V�LP�II Σ y#0�� ; Σ y)K#0q+B X	3B��ML p ∈ Σ, X(p): = ∂
∂t

∣

∣

∣

t=0
Φt(p). *QP�y; k��! (outward normal

variations), 
Pbz ; Σ �``�mt u FD X = euν y#0�
Σ y)L8n#0b~��VF�#ioM)� p ∈ Σ �vy t  Φt(p) = expp(tν)xt�expp bo p �y�tEB���b1I; Φt(p) b` p �tW)~ ;�q ν +qy<~g,� t ynJ�F�xty��z�JJ~��V�9B Σt B\(~o ν +q=�t Σ )L (j7py) n� t (�DZvy t). ��G�V�)K#0 X gb ν, ��G�VNQP�V.)L	3 K9RD (mean curvature) H y-b�
<+.qQP#i~��VF,�PV�yhZv/ (�9�). :(~�4g dσ '[ Σ =yOsV��Y�dσt '[ Σt =yOsV��Y ()~#i Φt �t Σ =), t~r�= H 	3B

, 8 p ν ,r>�u Σ o� t z���W�Σ z��s�>. Σt � t�w (�wz t) z��C��
Σ =yA)mt�
oML� p ∈ Σ ZFD

∂

∂t

∣

∣

∣

t=0
dσt = Hdσ.01 H y7pB+�Q ν y�s�;+ 8.-P)~�-�Z�� Us (any) lL)K#0

X = euν y5q%#0�QPL ∂
∂t

∣

∣

∣

t=0
dσt = euHdσ.I_QPwt4go Σ = H > 0, t�Lvy5q%#0�Bv/V���4go Σ = H < 0, t�Lvy5q%#0�B9vV��)L.lRF (minimal

surface) y	3b)LZZ H = 0 y�V��$Ib
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9B.1o�Lvy5qqeq%#0�LHvV�y�V�)	L H = 0. (01�$IL)�1:(�9B)L�v�V1�%o#0�V�Hv�)boy;)L 4 DP� (N,g) �y�� 2 D�V Σ. bo�k�o Σ yM)�L)L 1 Dy%q+�5�QPL)L 2 Dy%q+�5�pb�QPyP�"s�sUGo)LG� >( (null) +q�
P�AQ)L`ggZ#Uy%+q�l�~x�4g
ν b)LU Σ �Fy��nJq+�e0 b)LU Σ q ν ��FyG��PnJq+�t)LG��`+qI e0 + ν q e0 − ν NU�1C ℓ b) Σ 	3yG��`q+B�
oM)��U Σ �F�01QP1g%� “nJF�” yd)��9B ℓ lL “F�”2�G)L�mtO- ℓ xt55)L Σ 	3yG��`%q+B�pb_���#}%��g�L)LG��`%+qy�s�QP�-�	���)B “5q”. � Σ N	)L (G�) 5q�`%q+y�s ℓ, QPo4^yYr�VG
�o N =#i	3 Φt(p) = expp(tℓ) �	3)F Σt = Φt(Σ), �� expp bo p �y�tEB��gbo� 2 M�Ety “`}” F�
b Riemann �^^~��VFy�|�boQP	3 (k) >(Iy ((outward) null expansion), �|QQP4s	3~r�=�
bo Σ =lL4^
�yA)mt θ:

∂

∂t

∣

∣

∣

t=0
dσt = θdσ, pN*� p ∈ Σ[.IQ θ +�Q ℓyl��s��1o� ℓ%�y�)�s��L θ y7pb Σy)LT�y�"sy
��QPbo�-	3 Σ B)L () i"F 4g θ < 0, )L () �i"F ((outer) untrapped surface) 4g θ > 0, )L 
wi"F (marginally outer trapped

surface)(� MOTS) 4g θ = 0.bo1C 2 D�V Σ JQ)L�	yP� (N,g) y��0=V M =�o����
M � Σ y)L5q%q+ ν y�sNUQP)L Σ =y5q�`%q+ ℓ y�s�#io=V)$ ℓ = e0 + ν, �� e0 b M yG��PnJ%q+�o M o N �b&<~y�n���θ g{Q H , )L MOTS gb)L�v�V�IQ�L�MOTS�-�wJ�v�Vy0b�9_.s\QMOTS y�aQT�y)�_S�
#���~'6t\Q�v�Vy�r��)��H�#zy�v�V�By)z40�-�G�Z�\Q MOTS yP�� 4��G�� (barriers)y�v�Vyo�B� Lars Anderssonq Jan Metzger, -� Michael Eichmair VG���ZiAy MOTS yo
	���P��Z.)L'^hQ (apparent horizon) )	b)L`�y MOTS [AEM11].

5. bYTvr�t Schwarzschild P�y >�M) (v, r) y�s	3.)L 2 D�V Σv,r. o�L����)LG��`+q� “5qy” LL)L�)y�s�QP�-B
JBQPy ℓ, )~QP�-&� Σv,r y�`y� θ �t� Σv,r q r < 2m Pb8y�q r > 2m Pb.8y�q r = 2m Pb)L MOTS. ;+ 7. _S=��-�Z�Q Schwarzschild y)L��0=V M , M �y'^hQS(=g{Q M q_<hQyF�S)�~��� “N� (stationary)”P�y.10=V M �b�y�1)�G�L_
1) *MQ��KCO�z�5h�M*MÆ�z?Y�Q Killing r,C�—— ^1
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S�Hawking�Z.ou�yT�1C^�N�P��_<hQy.1LV (&gb)L�� 2 D�V) )	b)L3��V [Haw72]. ��GS8nyY��)LxÆy'V)	b)L3��V��Q Gary Gibbons y)L�5�Hawking 0b.�y�B��Z!VLLN�1C (�bz�y.), '^hQ&)	b3��V [Haw73]. QP^VBPf�LOg�6 M bP�y)L��0=V�N	 M �y�V Σ ��= “5q” %gy)L�s ν, QPx Σ b)L M |�6u� MOTS (locally outermost MOTS in M), 4g
b)L MOTS +� M �1o θ ≤ 0 y.1vy Σ y5q%#0�M �y)L'^hQ)	b M �y)LhZH5 MOTS, �bo Hawking y�Z�Gtyi\
��
b#0%q Gauss-Bonnet (Hz – /e) 	�y)L}-yOu�Uh 1 (Hawking) E~}GA`0��Y^7/|�Us:�k6u�	 MOTSq�\q%bLPF�(g+!<b�Q�$ – g+~+y)LT�=bSy1C 1), QP~Vn��E�)���LOg� Gregory Galloway (DD=) q Schoen 0b��P�Z.'^hQySHDy�A)	b3� Yamabe (<!) �y [GS06].

6. e��wT|�
Schoen q�M%bHq01t�v�V�-G��dt+�=y�)L Riemann�+ (M, g) y ^ARD (scalar curvature) RM b M =y)L%+mt�	3B g y

Riemann �=~+y7&��+��4�[�[�
bg` g �U�yH8nyoL%#	^1#y%+mt�o 3D�
lL
���Qvy r > 0,?+ p ∈ M y�bB r y<~�y��b 4
3πr3 − 2π

45 RM (p)r5 + O(r7), 9_ RM (p) <+. p �$?v�y���t
PiAy Euclid ��^�A�y��y{?�)Li|y'eYo�
Dty��&M!��)~��)L 2 D�V Σ, RΣ �obQPSoTy Gauss �= KΣ y 2 ��
Hawking�d.H5 MOTS Σ ((g+!<) q Σy Gauss�=�5y\Z�Schoenq�M%�|~�d.)LV��vy�V Σ, �$? Riemann �5yt+�=q Σ y

Gauss �=�5y\Z�S:(~E�1CQPo)Lt+�=.=y 3 D Riemann 7�=L)L�y�	q�V Σ. Schoenq�M%^>t4gi�Q Σy�Lv#0 Σ�v�V��t Σ o3�=)	b)L�V��V�#i)LBWyB��Mingliang Cai

(8Z-) q Galloway�Z.4g Σ b p$ (strictly) V��vy�t Σ )	b)L3��V�QPBPf)L�|yOg�
b Hawking 	�y)L�n���N	)L�V Σ q “5q” %q+ ν y�s�QPx Σ b)L 6u�.lRF
(locally outermost minimal surface), 4g
b)L�v�V�+�1o H ≤ 0 y.1vy Σ y5q%#0�Uh 2 q% 3 f Riemann Cn (M, g) |�Us8t�#^ARD�:�k6u�	.lRF Σ q�\q%bLPF�
1) m���y*MTXuk� (M, g, k) GE)h,"=�5h Einstein �,GE G(e0, v) ≥ 0, ��

e0  M zH�&h�v /2H��a��Qr,�A"='�.8'H (g, k) (f�—— ^1
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, 9 S3 � Lawson z�w�W�
K1*C 2, 3, 4, 5, 6, .*",Z"�*Du R
3�p 6 Σt B M � Σ y)L5q%#0�lL)K#0 X = euν, +6 Ht '[

Σt y~r�= (�t Σ). QPC�-�t)L5q%#0Vx�`LDt λ L
∂Ht

∂t

∣

∣

∣

t=0
= λeu. (1)

(S:(~��s eu Bg
�y~r�=�>y(��mt�) Σ =yhZH51C1I; λ ≥ 0, 9B4g1b�$y��QP�vy t > 0 L Ht < 0.Dy"s&�����G Gauss +P��-xt
∂Ht

∂t

∣

∣

∣

t=0
= eu

(

−△Σu − |∇u|2 + KΣ −
1

2
RM −

1

2
|A|2

)

≤ eu(−△Σu + KΣ), (2)�� △Σ '[ Σ =y Laplace-Beltrami (�z – � �S) �>�A b Σ o M �y�!����QPGt. RM ≥ 0 y1C�Ou�Lq (1), QPL
λ ≤ −△Σu + KΣ,)~B
o Σ =�0+AG Gauss-Bonnet 	���-xt

0 ≤ λ · (AreaΣ) ≤ 2πχ(Σ).9_ Σ b)L�V�)L�V�%sW�V�1C�)�! Σ b)L�V�t χ(Σ) = 0, 9_ λ = 0. o�!���)L)mt	�yB��-G�Yr)L5q%#0 Σt, lLML Σt �L �^ (constant)y~r�= Ht �)?/%�
��6 Xt = eutνt B Σt o.)P� t y)K#0�oo
(2) ��QPL

∂Ht

∂t
e−ut ≤ −△Σt

ut + KΣt
.IQ Σt b)L�V�+� ∂Ht

∂t
o Σt =bDt�o Σt =�0=V1{Yy)!���L t ≥ 0 xt ∂Ht

∂t
≤ 0. �UhZH51CI�� �LLhZH51C�)L�v�V�-LSHy	J� 4�%: 3 D�V3�.1	Jy��v�V�;+ 9. oi"y 10k��Fernando Marquesq Andre Neves�G�v� – �h (min-max) +%#z.�v�Vy�d��!o�PyTJ�=�Haozhao

Li q Xin Zhou ($P) �Z.)L)�y� Ricci (��) �=y 3 D� Riemann 7�3�.1H	Jy��v�V�Antoine Song �Z.�M% 1982 ky6l�!�Ly 3 D� Riemann 7�3�Se�y��v�V�
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	� 1 y�ZCm=q	� 2 y�Zbi|y�o����QP`)LSWtj�
(M, g, k) �y)L�	qhZH5� MOTS Σ tW�QP�bw M � Σ y5q%#0�pb �k� (2), �`L+ W QPxt

∂θt

∂t

∣

∣

∣

t=0
≤ eu(−△Σu + KΣ + divΣW ),��1{Y��(g+!<�1b.=t+�=��ZyL^40��=bi&y�9B�5:�ny�0b2�pb�Z� ∂θt

∂t

∣

∣

∣

t=0
= 0y���%S�yB� (I Galloway),9B ∂θt

∂t
o)L)�P� t y'eYL)L�5y�k θt yn (
o t = 0 y��GouM).

7. ��mWjQPbo�B�V)M3�y�B4sgG��Z*[y��+	��6 (M, g, k)B)SWtj��+1C
b 15K_� (asymptotically flat), 1{bo`!:(y13^ (QPo_1Xr.), oL%Z���+ gij >XQ Euclid �+ δij , ��!���
kij >X�Q 0. )L>X~�ySWtj�L	3(oyC ADM G�A(ADM energy-

momentum) (E, P1, P2, P3)
1).Uh 3 (��kUh) B M eqdT�15K_ 3 f�Y^7/�E~}GA`0�x ADM G�A (E, P1, P2, P3) E~ E ≥ |P |. 4qÆ��Z E = |P | ����N3�

(M, g) Gr��-�m k ��AMV� Minkowski X;���JJ “��+	�”, b9B)LlLG��Pg�+ E > |P | yT��JJlL��+�:(~��+b √

E2 − |P |2. 01�+B m y Schwarzschild P�y)L��0=VB (1DB�~) L{Q m y ADM �+�=�+b.T�y�
B�AQi"�Pg�+ E < −|P |, ���g�+ |E| < |P |, �B�AQ “�+”, &b.T�y�9B
qGi`�j�yT�\&�&P��`g�+ |E| = |P | �AQ2�+�UQT�y℄9���+	�b-P�)l%y�(g+!<�-�XrB�Lu�yT�1C�SBG.s^<�"^<�Einstein+Pya�1gj�x�`�����+	��}~t	��%�za1gj�x�`��ay�J��`Zw��g1A�B=o)L�`j���)$�yT��)L>)��+	�y >�-bH�
(repels) �.X=ZT�y��+ayJ��IQ Einstein +Py.g

��Z�!��y_1�g#Jb.D1~(y���+	�y�dLzFy�U�)L�)#%y�n��bq M bP�y)L&<~ (totally geodesic) 0=VP�o�!�����+	�f�B)L\Q Riemann "sy'r�4g (M, g) b)LlL.=t+�=y7&y>X~�7��t E > 0, W.
(M, g)b Euclidy��L�n��k`I Schoenq�M%Q 1979kG�v�V�Z�)~z��PG Jang+P�)���P�Z. E ≥ 0 [SY79, SY81]. Edward Witten (;�)
————————————————
1) ADMh,JU��. Arnowitt, Deser r Misner OV(s�m���u (E, P1, P2, P3) J_s'Z
4�

16πE = lim
r→∞

∫

|x|=r

∑

i,j

(

∂gij

∂xi

−
∂gii

∂xj

)

xj

r
dσ, 8πPi = lim

r→∞

∫

|x|=r

∑

j

(kij − (trk)gij )
xj

r
dσ. ^1
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�G�+y�BP�Z. E ≥ |P | [Wit81]. S:(~��gA�JJ)L “.=�+	�”, 9B
LLZ�	� 3 �y�!p\Q E = |P | y'r�QPBÆ
JB z{A�?��ZOn (equality case of the positive mass theorem). o)z 2015 kyU Eichmairq Schoen yuJL}��QP#i�E Schoen q�M%yB�+G MOTS k��v�V���L.=�+	�NU.)L1&y�Z [EHLS16]. ozL}�QP&Y�.$p=Sl |
y n D0=Vy���� 3 < n < 8, #i=6)L}y*m�
℄-V�*my�)#0�HXL Schoen q�M%�-� Lohkamp yZ�HDy}Og�-P�g99	� 3 y1C�`�i� M lL)L!Q��%�!Qb)L�y8V�MOTS [GHHP83, LLU21]. T�=���AQi�1��e4"sIi�1CyxÆy�g
�QP?r)^ 3 D M y.=�+	�y�Z��p^℄ I)L�YyT�	� (;
[EHLS16] y §6) �-�Z�1M)�
�QP�-1C “�Jy”(g+!<M!+�SWtj (g, k) o��S�L�) “oy” >X
��#i)�%�Z�1C E < |P |.“oy”>X
�1I;o1iFyL%V ∏

1 q
∏

2, FD ∏

1 b8y�� ∏

2 b.8y� , 10 p (J�z) 2D E < |P | _�*MM&�W Π1 r Π2, . i�z+Wz;W�C*MmM�
"Rz MOTS Σr zdp��W/���r r → ∞ Q Σr z*M?�1�f�WGE*MO
���z*M8' MOTS&gb�o ∏

1 = θ < 0, o ∏

2 = θ > 0. ;+ 10. ` PDE yG���1I;
PB
MOTS +P θ = 0 �V.ymt (barriers). �G�zymt�)LPj Eichmair [Eic09]yo
	�i�QPYr)LlLe	!Qy MOTS,b�V ∏

1 q ∏

2 ,o�5y�#iB�e	!Q#xh�hh�QP�-� U)L>�0�eV�
b)L� ∏

1 q
∏

2 ,/y7&y MOTS Σ, +�QP�-�Z Σ �Gb)L>X~Vy�Z_ Σ 1�b)LhZH5 MOTS, 
1)lL)L “MOTS N	
” y
��n/=�Jy(g+!<��-�G�-)!q	� 2 y�ZCm=i|y+Y�Z ∫

Σ
KΣdσ > 0. �L “�Jy” g+!<b��_1{Y�Jy9~�H~�jL!Qy Gauss-Bonnet 	�1I;��)L>X~Vy�Vb1�gy� �%�Z��+	�{Yy���%h+y�5TJ��Æ�Z4g E = |P |,to=V	���ry13^�0=VM (So MinkowskiP�e��S�=1I; E = |P | = 0,9B MinkowskiP�y.10=V�L�L
��Robert Beigq Piotr Chruściel [BC96],�L Chruścielq Daniel MaertenyTJ�.1��7��Z.{Yy����lD.�Ly 3 D7��9B�Ly 3 D7��jL��OY�SX��QP�V.)!1&y�Z�
 U.VG��1C [HL20b]. QPy�ZVG.FD(g+!<ySWtj��5y#0Br�
�'ZU Justin Corvino qQPy�)J� [CH20] �dy “BW”(g+!<yP�lL)!L!y&Z�(g+!<yBWZa~U<0"s�yt+
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�=�# (scalar curvature deformation) y��P�i\�+oQPHXyTJ [HL20a]�xt.W)3y���QPy�Zq�+�Zy)LX&6-o�y��boSHD���+	�y{Y��|��%)LU “.=�+	�” M!��%y%:	3i�S�y�>X~�
y	3�Lz6-R[~�_S'Zq�5DtHQ 8 P�(So��my�J1{Y E > |P | y) �; [HL20a] y 7. z >U�Q Einstein +Py)F#%y\(P�IIlL~�Bgy~V�- (plane-fronted waves with parallel rays)(�8JB pp 
(pp-waves)), 
℄i.-`�j�y5B�9_.1��0=V��)~L E = |P | (�%�z+�-�	3). ) ��Q�$y pp -y0=V�
DZ>X~�-FD.=�+	�y1C�pP1Z>X~�tFD��+	�{Y��y1C�
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