A TOUR OF THE POSITIVE MASS THEOREM

LAN-HSUAN HUANG

This is a mini-course consisting of four 90-minute lectures given at the Geometrical Aspects
of Mathematical Relativity Masterclass, held from June 16 to 20, 2025, at the University of
Copenhagen. In this lecture series, we review the minimal hypersurface proof of the Riemann-
ian positive mass theorem in dimensions less than eight, and then discuss its generalization
using MOTS for the spacetime positive mass theorem. We also present results concerning
the equality case. These lecture notes include some exercises at the end. I would be grateful
if you could let me know of any typos or errors.

1. MINIMAL SURFACES AND SCALAR CURVATURE

Throughout the notes, we let the dimensions n > 3, manifolds are oriented, and hyper-
surfaces are two-sided. We recall some basic facts about minimal hypersurfaces. Let (M, g)
be a Riemannian manifold and let ¥ be a two-sided hypersurface and v be a unit normal
vector to 2. For vectors {e,, ey} tangent to X, we define the second fundamental form and
the mean curvature by, respectively,

Alea, ) = g(Ve,v,e5) and H = g“bA(ea, ep) = divy v

A hypersurface ¥ is said to be minimal if H = 0.

Let W, : ¥ — M be a family of immersions and ¥; := ¥;(X) and ¥ = . The deformation
vector field X = %‘t:o V,. We decompose X = v + X, where X is tangent to Y. Denote
by do; the volume form of ¥;. The first variation of the volume form is given by

| dow = dive X do = (divs X + ¢H) do.

t=0

If we further assume ¥ is a minimal hypersurface, then the second variation formula is given
by

d2

e do, = <|Vz¢|2 — (Ric(v,v) + |A])¢” + divs G(X)) do,

t=0

where G(X) = (div X)X — V4 X — 20A(X,-) + (VxX)T, where T denotes the tangential
components; that is, (VxX)T = (VxX).
We also note the variation formula for the mean curvature

d

| He = —0As6 — (Ric(v,v) + [AP)o + X (H).

t=0
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Definition 1.1. A minimal hypersurface ¥ is said to be stable if
/ (IVsol> — (Ric(v,v) + |A|*)¢?) do >0 for all ¢ € Co'(X).
)

Lemma 1.2 (Schoen-Yau’s rearrangement trick). Let ¥ be a stable minimal hypersurface.
Then

(1) / (Vo> + iRs¢?) do > / LRy + |AP)¢* do for all ¢ € CPN(X).
2 2

Proof. Using the Gauss equation R, — 2Ric,(v,v) = Ry +|A|* — H?, we rearrange the terms
and get

|[A[* + Ricy(v,v) = |A]* + 5(By — Re — |A]") = 5(—Rs + Ry + |A]).
0

A quick observation (Simons): if Ric, > 0, then M does not contain any closed stable
minimal hypersurfaces.

On the other hand, there are many manifolds with positive scalar curvature that contain
stable minimal hypersurfaces.

Example 1.3 (Stable minimal hypersurfaces). Let M = ¥ x S! with the product metric
g = h+ db?. Since M is foliated by totally geodesic slices ¥ x {#}, and thus each slice is
stable minimal hypersurfaces. Also R, = Rj. Thus, if R, > 0, then R, > 0. For explicit
examples, we have T? x S = 8! x S!' x S' with a flat metric and S? x S! with positive
scalar curvature.

One can ask a sort of reverse question: if Ry > 0, does the induced metric h on a stable
minimal hypersurface X satisfy R, > 07 It is not true in general, but Schoen and Yau
observed that such a stable minimal hypersurface can always admit a metric with nonnegative
scalar curvature! We first consider the three-dimensional case.

Theorem 1.4. Let (M,g) be a closed 3-dimensional manifold. Let ¥ be a closed stable
manimal surface. Then

(1) If R, > 0, then ¥ is diffeomorphic a sphere or a torus.
(2) If R, > 0, then ¥ is diffeomorphic a sphere.

Remark 1.5. If ¥ is diffeomorphic to a torus, then one can further characterize its intrinsic
geometry.

Proof. Letting ¢ = 1 in the stability inequality (1) gives

/szO'Z%/Rng'.
» »

By Gauss-Bonnet theorem for closed surfaces, [, Ky do = 2mx(M) = 2m(2 — 2g). O

Before we proceed to higher dimensional case, we give a general discussion about the first
eigenvalue.
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Definition 1.6. Let 2 be a compact Riemannian manifold possibly with boundary. Consider
the linear differential equation on €2, for some vector field Y and scalar function ¢:

Lu = —Au+ (Y, Vu) + qu.

We say A\ € R is the first (Dirichlet) eigenvalue of L if there exists ¢ > 0 on Int{2 and
®loa = 0 if 0Q # 0 such that

Lo = \io.

Lemma 1.7. Consider a Schriodinger operator Lu = —Au + qu. Then the first eigenvalue
A1 can be computed using the Rayleigh quotient

M (L, Q) = ir;ig {/(\Vu|2 +qu?)dp : ||ullzz = 1,ulgn = O} :
u Q

Corollary 1.8. We compare the first eigenvalues of different operators.

(1) If ¢ > q, then \i(=A+q) > M (—A+q).
(2) Let 0 < ¢ <1 be a constant. Then A\i(—A + cq) > chi(—A + q).

Proof. The first one is obvious. For the second one, we compute

/\Vu|2—|—cqu2 :c/(\Vu\2+qu2)—|—/(1—C)Wu\z > c/(]Vu]2+qu2).
0 0 0 0
0

We will mainly consider two types of Schrodinger operators: the stability operator and the
conformal Laplacian:

Example 1.9. e Denote by Sy = —Ax—(Ric(v, v)+|A|?) the stability operator. Then,
we say that X is a stable minimal hypersurface in (M™", g) if

A1(Sx, ©2) > 0 for all bounded subsets Q2 C X.

e Let n > 3 and (M", g) be a Riemannian manifold. Consider § = un7g, that is § € lq],
the (pointwise) conformal class of g. Then

(2) Rgu%g = —4(”_1)Agu + R,u.

n—2

Define the conformal Laplacian

Lyu=—Aju+c(n)Ryu  where ¢(n) = 48;21)'

Thus,

o \i(L,) > 0iff g € [g] with positive scalar curvature. (Yamabe positive)
o \i(L,) =0iff g € [g] with zero scalar curvature. (Yamabe zero)
o \i(L,) <0iff g € [g] with negative scalar curvature. (Yamabe negative)

Theorem 1.10. Let n > 3 and (M, g) be an n-dimensional Riemannian manifold. Let ¥ be
a closed stable minimal hypersurface in M. Then

(1) If R, > 0, then ¥ is Yamabe nonnegative.
(2) If R, > 0, then X is Yamabe positive.
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Proof. Note that

Therefore, for some 0 < a < 1
Al(—AZ + c(n — 1)R2) Z Oé)\l(—AE + %Rz) Z O[)\l(Sg).
O

Corollary 1.11 (Geroch conjecture, resolved by Schoen-Yau). Let 3 < n < 7. Then T"
doesn’t admit a metric of positive scalar curvature.

Sketch. Suppose, to get a contradiction, 7™ admits a metric of positive scalar curvature.
When n = 3, by minimizing in the homology class of T? x {0}, there is a stable minimal
surface, and it must be diffeomorphic to a sphere. Contradiction. For n > 3, suppose there
is a stable minimal hypersurface ¥"~! homologous to 77! x {0}, then ¥"! is Yamabe
positive, and thus admits a metric of positive scalar curvature, which contradicts the result
in (n — 1)-dimension. O

2. RIEMANNIAN POSITIVE MASS THEOREM

2.1. Asymptotically flat manifolds and the ADM mass.

Example 2.1 (The family of n-dimensional (Riemannian) Schwarzschild metrics). For each
m € R, define the rotationally symmetric Riemannian g, on R™ or R™ \ B for some closed

ball B as

j— -
gm_( +W> o

Using that v := 1+ 2\214% is a Euclidean harmonic function, by conformal transformation
formula, Ry, = 0. The metric g,, is asymptotically flat in the sense that g,, — gg when
|z| — oo.
_1
e When m < 0, and the metric has a singularity at r := |z| = (=%)"2, e.g. the Ricci
_1
curvature diverges as |z| N\, (—%2)"2.
e When m = 0, this is just the Euclidean metric.

_1
e When m > 0, the metric is defined on R™ \ {0} and the surface ¥ := {r = (2) 2}
is a totally geodesic surface, and in fact an area-minimizing surface in its homology
class. See Problem 8.

In order to do analysis on unbounded manifold, we will use the following function spaces.

Definition 2.2 (Weighted Holder spaces). Let By C R™ be the closed unit ball centered
at the origin. For each nonnegative integer k, o € [0, 1], and ¢ € R, we define the weighted
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Hélder space Cli’qa(R” \ By) as the collection of those f € C*(R"\ By) with

loc

oy (= sup ||z f)(x
et man = 2, sup, llel™(@ 1))
k 9k
+ sup |x’a+k+q|a f(l’) 6 f(y)|

— (0%
z,y€R™\ By |x y|
0<|z—y|<|z|/2

< +00.

We will also use the notation f € Oy (|z|7?) for f € Cﬁ’;’ when emphasizing the fall-off rate
q.

Definition 2.3. Let ¢ > "7_2 A Riemannian n-manifold (M, g) is called asymptotically flat*
if there is a compact subset K and a diffeomorphism ¢ : M \ K — R"™\ Bj such that

2.«
gij — 0i5 € CZ

where g;; 1= (¥.9)(0;,0;) and {0y, --- ,0,} is a Cartesian coordinate chart. In addition, we
assume R, € L'(M).

We denote h = g — gg. The Taylor expansion of the scalar curvature R, in h is given by

RQ = RQ]E + DRQJE(h) + Q(ag)
= Ry, + (—Atrh +divdivh — h - Ricg,) + Q(dg)
= —Atrg+divdivg + Q(9g),

where Q(0g) is quadratic in dg. Integrate the leading order terms over M and apply the
divergence theorem:

/ (Ry — Q(dg)) dv :/ (—Atrg+ divdivg) dv
M\B1

M\B,
x; x;
= lim i — Giig) — do — i — iig) — do.
o g (gj, g ,]) - /51 (g], g ,]) ,
(Recall that we sum over the repeated indices.) The ADM mass is defined to be the boundary
term at infinity in the previous identity
1 Z
= —— lim i — Giig)— do.
m(g) 2<n _ 1>wn71 300 ST(g Js g ,]) , [0
The normalizing constant in front of the integral is chosen so that the Schwarzschild metric
Jm has mass m. We note that the limit exists and is “well-defined” if ¢ > ”7_2, while m(g) =0

ifg>n—2.

Lemma 2.4 (Continuity of the ADM mass). Given € > 0, there ezists 6 > 0 such that if
Hg — gHCQ_q(M) < (5 CL’ﬂd HRg — Rg||L1(M) < (5, th@’ﬂ

Im(g) —m(g)] <e.

IThroughout the course, we assume M is complete without boundary and has one asymptotically flat
end, but many results hold in greater generality.
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Proof. By reversing the computations that lead to the definition of m(g), we get

2(n = ,-mig) = [

M\B;

(Ry — Q(9g)) dv + / (Giji — Giij) % do.

S1
Therefore,

2n — Dwnr(m(g) — m(g)) = /M By R) 5 (Q(09) ~ Qog) o

Lj

+ /Sl (79— 9)iji — (G — 9)iij) .

Using the assumptions that ||g — chz_q < 6 and ||Ry — Ryl|z1(ary) < 6, the right hand side is
less than C'9. Choosing ¢ small, the lemma follows. O

do.

Theorem 2.5 (Riemannian positive mass theorem). Let 3 < n < 7 and (M, g) be an n-
dimensional asymptotically flat manifold. Suppose Ry > 0. Then the ADM mass m(g) > 0
with equality if and only if (M, g) is isometric to (R", gg).

We will give Schoen-Yau’s minimal surface proof to the positivity and leave the rigidity
to Problems (9), (10), (11). We first give an outline.

Step 1. Deform ¢ to g so that R; > 0 in M: By Fischer-Marsden, the scalar curvature map
R:g€gr +C%§(M) — R, € C(fg_q(M) is locally surjective. For f > 0 and ||f||6,03
sufficiently small, there exists g near g such that Rg = R, + f > 0. ’

Step 2. By a cut-off procedure, one can simplify ¢ to have harmonic asymptotics:

g = uﬁ ge outside a compact set

and hence u = 1+ Z{z[>7" 4 O(|z|'™™).
Now, we assume, to get a contradiction, m(g) < 0. Combining Step 1 and Step 2,

we may assume g satisfies R, > 0 and g has harmonic asymptotics.

Step 3. For n = 3, produce a complete, asymptotically planar, 2-dimensional stable minimal
surface. Show contradiction to Gauss-Bonnet theorem.

Step 4. Height picking: For 3 < n < 7, produce a complete, asymptotically planar, (n — 1)-
dimensional minimal hypersurface that is stable and also “vertical stable”. Then
obtain (n — 1)-dimensional asymptotically flat manifold with R; > 0 and m(g) < 0.
Contradicting the positive mass theorem in (n — 1) dimensions.

2.2. Unbounded minimal hypersurfaces. To prepare for Schoen-Yau’s proof to the pos-
itivity in Theorem 2.5, we discuss some fundamental facts about minimal hypersurfaces.

We begin with some basic examples of complete, unbounded minimal surfaces in R3: the
plane and the family of catenoids {(z1, 22, 23) : 0 = ccosh (%)} for each ¢ # 0. See Figure 1
where o = /2?2 + 23. Note 23 = logo.

Let U C R"! be an open subset. Consider f : U — R. Let ¥ = Graph[f] = {(z/,z,) :
x, = f(2')} be the graph of f. The vectors e; = 0;4(0;f)0, fori = 1,...,n—1 are tangential
to Y. The upward unit normal is

<—Vf, 1) )
VI+IV?
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FIGURE 1. Catenoids with different values of ¢ (¢ = 1 in the left figure and
¢ = 1,2,4 in the right figure). The “upper half” portion of a catenoid can

be expressed as the graph z3 = u(xy,z3) = clog (% + \/Z—z — 1) and the

graphing function u(z,z,) has growth clog (22) for o large.

The second fundamental form is
c’)fj f
V1+ [V

A(ei7€j) = _gR”(veieja V) = =

and the mean curvature equation is

2
H =divg v = — divge (V—f> —_ (5,, fifi ) az'jf

VITIVIP YOIV IR VIR

If ¥ is a minimal surface, then f satisfies the minimal surface equation:

<5”_ fifi > 0 f —0
VTIRINIE) VT VIT

Lemma 2.6 (Maximum principle). Let U C R? be a connected open subset. Let u,v : U — R
satisfy the minimal surface equation. If u < v everywhere and u(x) = v(z) at some x. Then
u =0 everywhere.

Next, let (€2, g) be a n-dimensional manifold with strictly mean convex boundary; that is,
if we let v be the outward unit normal to 0f2,

Hyq = divgq v > 0.

Let I' be a smooth (n — 2)-dimensional submanifold in 0€2. The Plateau solution says that
there exists an immersed area-minimizing hypersurface > whose boundary is I'. Assume
existence (here we require 3 < n < 7; otherwise, existence holds only in a weaker sense, for
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example, as integral currents). We discuss how the mean convexity assumption is used to
prevent ¥ from touching 0f2 in order to get a smooth . Let Q; = {z € Q : d(z,00) > t}
and Y; = 0€2. Then for t > 0 small, 0€); gives a foliation of strictly mean convex surfaces in
a collar neighborhood of 9¢2. We parallely extend the outward unit normal v of the boundary
0f) into the collar neighborhood. Suppose, to get a contradiction, ¥ is an area minimizing
surface with boundary I' such that X = 0U N, i.e., ¥ is a boundary of some subset of €.
Note that

dngV = diVEt V= Hzt > 0.

We integrate dive in U N (Q\ ;) and apply divergence theorem:

0</ diVl/:/ ﬁ-ﬁda—/ V-vdo
UN(Q2\Q) SN(Q\Q:) o NU

< Area(XN(2\€y)) — Area(0Q, N U).

Thus, if we replace the portion of ¥ that enters the tubular neighborhood, i.e. XN (2 ),
by the portion of the mean convex surface 0§, in U, we get a surface with strictly less area.
It contradicts that ¥ is area minimizing. See Figure 2.

n

- -
—— ——

F1GURE 2. The mean convex boundary acts as a "barrier” that prevents the
entry of area-minimizing surfaces.

2.3. Complete unbounded minimal hypersurfaces. We assume (M, g) is asymptoti-
cally flat, R, > 0 everywhere, m(g) < 0, and

(3) g:uﬁgE andu:1+%’I|2_n+0(|$|1_n)'



A TOUR OF THE POSITIVE MASS THEOREM 9

We will denote r = |z| and use them interchangeable. Recall that we denote the coordinate
ball B, = M\ {|z| > r}.

Consider coordinate hyperplane P, := {x, = h} where |h| > 1. Let v be the upward-
pointing unit normal.

Lemma 2.7. For |h| > 1, the mean curvature of the coordinate plane Py, with respect to v
18

Hp, (z) = —(n — 1)mh|z|™ + O(|z|™").

Proof. We have v = u_%%. By the conformal transformation formula, we have

__2_ n—-1) —
Hp, =u »2(Hy, + 2(n_21)u I%U)
2(n—1)

= S B ma, x| " + O (| T™).

O

Therefore, for h > 1, {x,, = h} has strictly positive mean curvature with respect to v
because

Hp,(7) > mh _ C :—mh—0>0

T falr o faf [

for h sufficiently large. Similarly, {z,, = —h} has a strictly positive mean curvature with
respect to —v.

Corollary 2.8. Fix A > 1. For each 0 > 1, we denote the coordinate cylinder C, =
{(@',x,) || < o,|x,] < A} Then C, is mean conver.

We let ¥, be a plateau solution whose boundary is I', := 0C, N {x,, = 0}. See Figure 3.

Theorem 2.9 (Compactness Theorem). Let (M, g) be a 3-dimensional Riemannian mani-
fold. Let U C M be open and K C M be compact. Suppose ¥y, is a sequence of stable minimal
surfaces in U with Area(X,NK) < Vy. Then there exists a subsequence converging to a stable
minimal surface ¥ in K.

sketch. e Curvature estimate: from stability to imply |AJ? is small.
e small |A|? implies locally graphical with uniform control on |Vul, |V?u|
e Arzela-Ascoli implies convergence of u in C, and thus w is smooth because it
satisfies the minimal surface equation.
O

Using compactness, we explain how to obtain a complete stable minimal surface ¥ from
Y. For each fix ry, the cylinder C,, is compact and for any k > rg, the sequence ¥ has
uniform area bound by comparing the area with 9C,,. By compactness, a subsequence, still
denoted by X, converges to a minimal hypersurface in C,,. From that subsequence, we
repeat the argument in a larger compact set Cs,, to extract a further subsequence. Then by
choosing a diagonal sequence, we obtain a subsequence that converges to a complete stable
minimal hypersurface X..
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T !

Plateau solution X,

II_; has mean curvature H < 0

Ficure 3. Under the assumption m < 0, a Plateau solution Y, exists in a
large cylinder with the fixed height.

Proposition 2.10. The complete minimal surface X"~ constructed above is graphical out-
side a compact set, given by

Graph([u] = {(2/, x,,) : z, = f(2')}

where f(x') has the expansion
n [ co+O(2 ) n=3
f(a@) = { o+l +O0(Z P n>3

Consequently, the induced metric g on X is given by

9ij = gij + [ifi = g + O(|2'|" ")
and (X, g) is (n — 1)-dimensional asymptotically flat, with respect to the chart {z'}, and
m(g) = 0.
Proof. By the Allard regularity theorem and that the second fundamental form is small, we
get X is the graph of f where f is bounded, and |0f| < C|2’|~!. By conformal transformation

formula,
0= Hg = uim(Ho + 2(n71)V0 lOg f) = 0.

n—2

Therefore, Hy + 2("—__21)1/0 log f = 0, that is

(6-»— fif; ) Jij +2(n—1)
YTITVIE) e TR n

Then the expansion of f follows harmonic asymptotics.

v log(f) = 0.
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2.4. Proof for n = 3. To finish the argument for n = 3, we have stability, for all ¢ € C>!(%)
1
@) / Vaof? + §Rud? do > ¢ /(Rg +1AR)¢2 do > 0.
b b

Choose f, to be a sequence of the log cut-off functions with [, [V f|> = 1 and fp — 1 to
get

1 1
0> lim = [ (R, — Ry + |AP)ff do = = /(Rg — Ry + |A?) do.

k—o0 2 » 2 »

We get
/ Kx do > 0.
b

By the Gauss-Bonnet theorem,
(5) 0< / Ky do = lim Ky do = lim (27rx(2 NC,) —/ kjg>

n a—00 $NC, a—00 Ya

Note that lim,0o x(X N C,) = x(X) < 1, and since ¥ is asymptotically planar,

/ kg — 2m.
0%

Thus the limit of the right hand side in (5) is < 0. It gives a contradiction.

2.5. Proof n > 3: the height picking method. We need the following general fact for
Schrodinger operator, as a special case of more general results of Fischer-Colbrie and Schoen.

Lemma 2.11. Let M be asymptotically flat. Suppose \(—A + ¢,Q) > 0 for all bounded
subset Q@ C M. Then there exists u >0 and u—1 € CQ_Z“(M) solving

—Au+qu = 0.
Proof. Let {€;} be a compact exhaustion of M. By Fredholm alternative, there exists
—Avj + quj = —q on
vjlag; = 0.

By Schauder estimate, v; — v in C%g(M) solving —Av + qv = —q. Then u = v + 1 solves
—Au + qu = 0. To see that u > 0, suppose, on the contrary, that Q = {z € M : u(z) < 0}
is bounded, which contradicts that A; > 0 on 2. 0

We apply this to the complete stable minimal hypersurface ¥ constructed above. As in
the proof of Theorem 1.10, for the conformal Laplacian on 3,

M(=Ax +c(n —1)Ryx, Q) > ali(—Ax + 1Ry, Q) > 0

for all bounded subsets 2 C . Then the previous lemma (and harmonic expansion) implies
that there exists a conformal factor

— Asu+c¢(n—1)Ryu =10
u=1+ald]P" 4+ O(2')*™).
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and g = ws ¢ is scalar flat. Furthermore, (X, g) is asymptotically flat with the ADM mass
m(g) = 2a.

The conformal equation implies
—(n — 3)wp_2a = / u(Vu,n) = / (Vul? + c(n — 1) Ryu®.
% b

If ¥ is “vertically stable” in the sense that [ |V¢[* — (Ric(v,v) + |A]*)¢* > 0 for all
uw—1¢€C> (M), then a < 0. Then we obtain an (n — 1)-dimensional asymptotically flat
manifolds with zero scalar curvature and negative mass. A contradiction.

We go back to the earlier argument of choosing ¥,. This time, we consider all X, ;, that each
is a Plateau solution to the boundary {|z'| = 0,2, = h}. Let ¥, to be the one minimizing
the area among Y, ;. Let X is a subsequential limit as o — oo.

Let X be a vector field on M that is identically equal to % outside a compact set of M.

By the first and second variation formulas of the area, we have

d
0=—|  Vol(S,4)
dh heho
d? ) R
0< 5l VoS = [ Vel - (Rictww) + AP+ [ (@)
dh h=hg Zo,hg 0%5 ng

where ¢ = (X, v,). Letting 0 — oo, the above inequality converges to

0< / Vo — (Ric(v,v) + |A]P)¢* + /8 (G(X).n)

2
where the boundary term limits to zero. Using that Y is asymptotically to a hyperplane, we
have ¢ — 1 = O(]2’|>™™). This implies the vertical stability, for all ¢ — 1 € cot

3—n>
/ Vo — (Ric(v,v) + [A2)¢? > 0.
>

It completes the proof.

3. SPACETIME POSITIVE MASS THEOREM

We say that (N, g) is an (n + 1)-dimensional spacetime if g is a Lorentzian metric. For
any tangent vector v on N, we call v timelike if g(v,v) < 0, null (or lightlike) if g(v,v) =0,
and spacelike if g(v,v) > 0; see Figure 4. Let (M, g) be a spacelike hypersurface in (N, g),
meaning the induced metric g on M is Riemannian. Let n denote the future-directed unit
normal to M, and define the second fundamental form £ by

k(ei, ej) = g(Vein, ej)>

where V is the Levi-Civita connection of g, and e;, e; are tangent vectors on M. We say
(M, g,k) is an initial data set (for the Einstein equation).
The Einstein equation states

Ricg — sReg +Ag =T
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F1GURE 4. At the tangent space of each point, one can define the future and
past light cones. Two future null vectors n+e; and n—e; are given. The yellow
curve is null as its tangent vector is null at each point. The submanifold at
the bottom-right is spacelike because its tangent vectors are spacelike at each
point.

where A is the cosmological constant, which we assume to be identically zero throughout, and
T represents the matter field. As a direct consequence of the Gauss and Codazzi equations:

p:=T(n,n) = %(Rg — |k|* + (try k)?)

Ji:=T(n,e;) = (divgk); — Vi(try k)  for e; tangent to M

where p is the mass density and J is the current (or momentum) density. We say that
(M, g, k) satisfies the dominant energy condition (or DEC for short) if

(6) =1l

everywhere in M. Equivalently, the DEC says T'(n,v) > 0 for all future timelike or null
vector v. (Physically, this means that energy flow does not propagate faster than light.) An
initial data set is called vacuum if y = |J|, = 0. The important special case k = 0 is called
the Riemannian case (or time-symmetric case). In this case, the dominant energy condition
becomes R, > 0, and R, = 0 is the vacuum case.

Example 3.1 (The family of 3-dimensional Schwarzschild spacetime). Let m > 0. Consider
N =R x (R*\ B,,/2) with the metric

m

Y (o Ca (1 + T)4 (dr? + r2d0?)
" 1+ 2 2r
where dQ? is the round metric on unit sphere. The metric is vacuum, i.e. Ricg,, = 0. Note that
the Riemannian Schwarzschild metrics given in Example 2.1 are time-slices {¢ = constant}
of g,,. Also note that each time-slice is totally geodesic, i.e. the induced second fundamental

form k£ = 0.

We say (M, g, k) is an asymptotically flat initial data set if (M, g) is an asymptotically
flat manifold and k € Cl_’?_q(M), and u, J € L'(M). We can define the ADM energy E and
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(N, g) G := Ricg — 1 Rgg

FIGURE 5. Let (N, g) be a spacetime. An initial data set (M, g, k) is a hy-
persurface in spacetime with the induced Riemannian metric ¢ and second
fundamental form k. The null and timelike vectors form a light cone at the
tangent space of each point in spacetime. The dominant energy condition on
(M, g, k) says T'(n,v) > 0 for all future causal vector v, where n is the fu-
ture unit normal to M. The spacetime dominant energy condition asserts that
T(v,w) > 0 for all future causal v, w

linear momentum P by

1 T
E == = 1‘ i'i — Z'Z' > _J d
m(g) 2(n — Dwn_ S |x|:T<g i — Yiig) - do

P ! / / (his — (b k)6:) % d
= i ii)— ao.
(n - 1>wn—1 r—oo J |z|=r ’ r

If E > |P|, then we can define the ADM mass m = y/E? — | P|2.

3.1. Basic facts about MOTS and stability. Let ¥ be a (n—1)-dimensional hypersurface
in an (n + 1)-dimensional spacetime (N, g), where ¥ is spacelike, i.e. the induced metric is
Riemannian. There exist two future null directions on ¥. Assuming v represents an outward
spacelike unit vector orthogonal to 3, and n denotes a future timelike unit vector that is
orthogonal to both ¥ and v, the two future directions can be expressed as £, = n + v and
(. =n—v.

Consider a family of immersions ¥, : > — N whose deformation vector field % | o Vi =1L
Denote 3; = ®,(X). Analogous to the Riemannian case, the first variation formula of the
volume form do; of ¥, is given by

d
- dUt B Qdat.
dt|,_,

The function 6 is called outward null expansion. It relies on the specific choice of £, and since
there is no natural scaling for ¢, only the sign of # holds physical or geometric significance
for . Based on this observation, we can categorize ¥ as an outer trapped surface if § < 0, an
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outer untrapped surface if > 0, or a marginally outer trapped surface (or MOTS for short)
if 6 =0.

Now suppose that ¥ resides within a spacelike slice (M, g, k). If we choose a outward
normal v to X in M, we can obtain an outward null normal ¢ on ¥ by taking /. = n+ v as
above, where n is the future timelike unit normal to M. Thus, the null outer expansion @ is
related to the mean curvature of ¥ in M by

9:H+tr2k‘

In the special case where M is totally geodesic in N, § = H, and hence a MOTS is a
generalization of minimal hypersurfaces.

Lemma 3.2. Assume ¥ is a MOTS in an initial data set (M, g, k). The first variation of
the null expansion, among variations X = ¢v, is given by

Sy 1= ],y Os, = —Asé + 2(W, Vo) + (dive W — [W[* + Q)¢

where

Definition 3.3. A MOTS X in (M, g, k) is stable if A\;(Sx,2) > 0 for all bounded subset
QcCX.

Theorem 3.4 (Galloway-Schoen). Suppose ¥ in an initial data set (M,g,k) is a stable
MOTS. Then

/ |Vul]? + Qu* > 0 for all v e CIN(D).
P

Consequently, if (M, g, k) satisfies the dominant energy condition and X is closed, then X is
Yamabe nonnegative.

Proof. Let Q C X be a bounded subset and ¢ > 0 on Int €2 solving
—As¢+ 2(W, V) + (divs W — [W|* + Q)¢ = A1 6.

Then
divs (W — Vglog¢) — |[W — Vslogé|> + Q = A\, > 0.

Multiplying v? and integrating by parts give
0< / 20Vv - (W — Vglog @) — |[W — Vgo|*0? + Quv? + / v (W — Vg log ¢, n)
5 o%

(7) g/E\VEUPJFQU?+/82v2<W—vzlog¢,n).

Letting v = 0 on 0% gives the desired inequality. O
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3.2. Proof of positivity £ > |P|. We present the proof using MOTS by Eichmari-H.-Lee-
Schoen. Similar to the Riemannian case, there are four main steps.
* Step 1. Deform g to g so that ¢ has strict dominant energy condition.
Step 2. By a cut-off procedure, one can simplify ¢ to have harmonic asymptotics, outside a
compact set,
9ij = Uﬁ@j
kij = Xij + Xji — 55 (divg, X)o
and hence
u=1+ %E|x|2_" +O(|z)*™™)
X; = —;‘%;Pi\:v]%” +O(|z|' ™).
Now, we assume, to get a contradiction, F' < |P|. Combining Step 1 and Step 2, we
may assume (g, k) satisfies u > |J|, (g, k) has harmonic asymptotics, and E < |P)|.
Step 3. For n = 3, produce a complete, asymptotically planar, 2-dimensional stable MOTS.
Show contradiction to Gauss-Bonnet theorem.
Step 4. Height picking: For 3 < n < 7, produce a complete, asymptotically planar, (n — 1)-
dimensional MOTS hypersurface that is stable and also vertical stable. Then obtain

(n — 1)-dimensional asymptotically flat manifold with Rz > 0 and m(g) < 0. Con-
tracting the positive mass theorem in (n — 1) dimensions.

Step 1 and Step 4 require novel ideas, which we now describe.

3.3. Step 1. If (M, g, k) is vacuum, then it follows from the fact that the constraint map

~

® is locally surjective as follows: For f > 0 sufficiently small, there exists (g, k) solving
®(g, k) = ®(g,k) + (f,0). Thus,

p—Jg=n=f>0

The above argument doesn’t work if J # 0. Consider

g = g +th+O(t?)

ki = g+ tw+ O(?)

e = pAtp' + Ot?)

Jy=J+tJ + 0.
Then

|2 = (g +th)i(J +tJ)'(J +tJ') + O(t?)
= |J|§ + t(hij J' T+ 2g;;J(J)) + O(t?).

We can prescribe p/ and J’, which determine h and w. However, even if we choose p/ > 0

and J' = 0, there remains an uncontrollable term h;;.J7 J7, which is of the same order as /.
The idea is to make h;;J7 + 2g;;(J")? = 0.
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Definition 3.5 (Corvino-H.). Fix a background initial data set (g, k), define the modified
constraint operator

Doi)(7,7) =P(7,7) + (0,37 J(g, k).

Then the linearization
D® = D + (O,%h - J).

Lemma 3.6. @, is locally surjective. Furthermore, if ® 4 1)(g, /Af) = (f,0), then 1 — |j|g >
p—|Jg+ f.

3.3.1. Step 4. By harmonic asymptotics and assuming £ < |P| and P = (0,...,0,|P]).
Then the coordinate hyperplanes satisfy

Op, = (m = 1)(|P| = E)hlz|™" + O(|2[ ™).

Consider the cylinder C, = {(2/,z,) : |2'| < o0, |z,] < A} for some A > 1 fixed. By exis-
tence result of Eichmair, Andersson-Metzger, there exists a stable MOTS X, ;, with boundary
0%, = 0C, N{x, = h}. Let 0 — oo. Then ¥,, — ¥ and ¥ is a stable MOTS that is
asymptotically planar. As before, we need to further pick the height h so that > has vertical
stability.

The issue is that MOTS is not variational and we cannot minimize a quantity to obtain
vertical stability. We revisit the Riemannian case from a different point of view.

Let X be a vector field on M that is identically equal to % outside a compact set of M.

We write X = ¢v + X where X is tangent to X, . We define

F(h) = /a i %,m

where 7 is the normal to 0%, in X, .

Suppose, for simplicity, we assume that ¥, ;, is a smooth foliation of minimal hypersurfaces
in h, and X,p, is the one that minimizes area among h.By the first and second variation
formulas of the area, we have

d
0=—| Vol(S,,) = / ¢H dp + F(ho) = F(ho)
dh i, Xoh
= o,nhg
d? /
0< e - Vol(2,,) = F'(ho).
=ho

Thus, instead of finding a ¥, ,, with the smallest area in h, we can find hg such that F'(hy) >
0. Such hg exists by the mean value theorem and F(A) > 0 and F(—A) < 0.

Proposition 3.7. Fizo. Let ¥, , be a family of stable MOTS whose boundary 0C,M{x, = h}
as constructed above. There exists hy such that

d

% :0

Z:o',ho
h=hgo

F(ho) > 0.
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Furthermore, for all v € C*'(X,,) such that vloz, ., = 9_ 1), we have

Oy’

where W(e,) = k(v,e,) and
G(X) = (divg X + ¢H)X — VX — 20A(X, ) + (VxX)T

|Vv|2—|—Qv2—|—/ (G(X)+¢2Wn> >0

0%y,

and fazph (G(X) 4+ ¢*W,n) = 0 as 0 — co.

Proof. We denote X = X, 5, for simplicity. We can compute

F(h) = [ (@Vs6+G(X).n)
By (7), we have

2 2 2 _
03/2|ng| + Qu +/82v (W — Vslog ¢, m)
:/\ngl2+Q02+/ (W — ¢V, 1)

b 0%

- / Vol + Qo + / GOE)+ W)~ Flh).

4. EQUALITY CASE E = |P|

Theorem 4.1. Let (M, g, k) be an asymptotically flat initial data set of rate q satisfying the
dominant energy condition and E = |P|.
(1) If g >n — 3, then E = |P| = 0.
(2) If ¢ > 5% and E = |P| = 0, then (M, g) isometrically embeds into Minkowski with
the induced second fundamental form k.

The equality case should characterize the spacetime, not the initial data sets. To motivate,
let’s first consider the Riemannian case.

Definition 4.2. A Riemannian manifold is static if there exists a nontrivial f solving
—(Af)g + V*f — fRic, = 0.
We note that DR*(f) = —(Af)g + V2f — fRic,.
If f >0, then g = —fdt?> + ¢ is vacuum Einstein and the translation Y = % is a Killing
vector field, i.e. Lyg =10

On a initial data set, we consider the constraint map ®(g, k) = (u, J). There is a very nice
generalization of the above relation between the adjoint operator and the spacetime.

Theorem 4.3 (Moncrief). Let (U, g, k) be a vacuum initial data set. Then a nontrivial pair
(f, X) satisfies DO®*(f, X) iff Y = fn+ X is a Killing vector field in the vacuum spacetime
development (N, g) of (U, g, k).
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We call (f, X) a lapse-shift pair. We note that D®*(f, X') = 0 is equivalent to
— (Af)g + V*f — fRic, + lower order terms in (f, X) = 0
Xij+ Xji = —2ki; f.

The vacuum assumption in the above result is necessary. There is a generalization for
non-vacuum initial data sets.

Theorem 4.4 (H.-Lee). Let (U, g, k) be an initial data set. Then a lapse-shift pair (f, X),
where f > 0, satisfies

DO (f,X) =0
fJ+|JIX =0 (J— null vector equation)
iff u—1J| = constant, and (U, g, k) embeds into a null perfect fluid spacetime (N, g) satisfying
Ricg — jReg = pg + Y @Y

where p = —3(p —|J|y) and Y = fn+ X is a Killing vector field. Furthermore, (U, g, k)
satisfies the dominant energy condition if and only if (N, g) satisfies the spacetime dominant
energy condition.

We note
D®"(f,X) = D*(f, X) + (3X © J,0).

To see the usefulness of the J-null vector equation, we have the following lemma.
Lemma 4.5. Suppose J # 0, and (f, X) satisfies

Xigg + Xjui = =2k f

fJI+]JIX =0.
Then, letting J = ﬁ,

fi= ki J7 — Ty 7 — k(J, J)J; + V(1 J) ) f.

Consequently, if J # 0 on a connected set U, then the space {(f,X) on U : D® (f, X) =
0, fJ 4 |J|X = 0} is at most one-dimensional.

Proof. Using that X; = J;f and X;;;X; + 3|X|% = —2k;; X f, we obtain
fi= =2k X; + XiyJ; = 2kij I, f — fidid; — fJij ;.
Multiplying the previous identity by J; gives
fii = (k(J, J) = 3V D)) .
Combining the previous two identies gives the stated result. 0

Before we prove the equality case, we review the method of Lagrange multiplier for Banach
spaces.
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Theorem 4.6 (Method of Lagrange Multiplier). Let X,Y be Banach spaces, and let U be
an open subset of X. Let H: U — R and ® : U — Y be C*. Suppose H has a local extreme

at xg € U subject to the constraint ®(x) = 0, and suppose DP(xq) is surjective. Then there
is A € Y* such that DH(zo) = N(DP(zp)).

Proof of Theorem 4.1 of H.-Lee. We adapt Bartnik’s argument in our setting. Fix an arbi-
trary lapse-shift pair (fo, Xo) that is equal to (a, b) outside a compact set. Define the modified
Regge-Teitelboim functional

7_[<77 T) = H(%k,a,b) (77 T) = (n - 1)(’“}“*1 (aE(77 T) +0b- P<77 7—)) - /A/[6(77 T) ! (fOu XO) dILLg

This differs from the classical Regge—Teitelboim Hamiltonian by using the modified operator
® in place of the classical constraint operator. The first variation of H at (g, k) is given by

®) DH] gy w) = /M (h,w) - (DB (g0 (for Xo) dity.

Choose (a,b) = (E,—P). Among (v, 7) near (g, k) solving the constraint ®(,

7) = ®(g,k),
we know that (v, 7) satisfies the dominant energy condition and hence E(vy,7) > |P

(v 7).

Therefore,
/H(’Y’T) - H(ga k) = (n - 1)wn—1 (EE<777-) —P- P(’%T)) Z 0.

Since D® : CQ_’? X Cl_’?_q — ng_q is surjective, we apply the method of Lagrange mul-
tipliers, which implies the existence of a Lagrange multiplier (f, X) € (C(l’g_q(M ))* such
that

DH| g,y (hyw) = (f, X)(DP](g,1(h, w))
for all (h,w) € C*¢(M) x C{_ (M). By (8), (f,X) weakly solves
D (f,X) = — DT (fo, X) € C5_, (M) x C5_(M).

By elliptic regularity and that (f, X) is a bounded linear functional on C(};X(M ), we can
obtain (f,X) € C*$(M) x C1{_, (M). Thus, we construct (f, X) = (fo + f, Xo + X) that is
asymptotic to (E, —P). By the result of Beig-Chrusciel and assume faster fall-off rate on ¢,
we conclude F = |P| = 0.

For Item (2), we now assume F = |P| = 0. We can apply the argument for H g s 4 where
we choose a = |b| arbitrary. Compute

H(777—) - H(Q? k) = (TL - 1>wn—1(aE<77 T) +b- P(’}/?T))
> (n = Dwn-1(aE(y,7) = [b]|P(y,7)]) = 0.

Therefore, we obtain (n + 1) lapse-shift pairs asymptotic to either (1,0) or (0,0;), each
solving D® (f, X) = 0. Furthermore, f.J + J|X| = 0. (This is a non-trivial result but we
skip the argument.) By Lemma 4.5, we conclude that (M, g, k) is vacuum. The vacuum
spacetime development is asymptotically flat with (n + 1) Killing vector fields asymptotic to
translations. Hence, the spacetime must be Minkowski. O
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We have proven more generally, if (M, g, k) is an asymptotically flat initial data set that
minimizes the ADM mass, then it admits a lapse-shift pair solving
DO (f,X) =0
fJI+1]JIX =0,
which is equivalent to the existence of spacetime (N, g) satisfying
Ricg — jReg = HY @Y
where Y is a Killing vector field. In search of such spacetimes, we make the simplified

assumption that Y is parallel. It leads to finding the so-called pp-wave spacetime.

Definition 4.7. A spacetime (N, g) is called a pp-wave if it admits a parallel null Killing
vector field Y such that each integral hypersurface of the distribution Y+, which is a Killing
horizon, has the flat induced metric.

Example 4.8. Consider the metric g on R"*! given by
g = dudx, + Sdx? + dz] + --- + da?_,

where S is a scalar function of (z1,...,x,) and is independent of u. When S = 1, g is

2,a
=4 then

the constant u-slices are asymptotically flat initial data sets of fall-off rate ¢q. Furthermore,

Minkowski spacetime, just expressed in a different coordinate chart. If S —1 € C

the spacetime satisfies the spacetime dominant energy condition if and only if A’S < 0.
For n = 3, S = 1 by Liouville theorem. For n = 4, the decay rate of S also implies
that S = 1. Therefore, for n = 3,4, asymptotically flat pp-wave of dimensions (n + 1)
satisfying the spacetime dominant energy condition must be Minkowski. There are examples
of asymptotically flat pp-waves that are not Minkowski by H.-Lee for n > 8 and by Hirsch-
Zhang for n > 5, which provide examples of asymptotically flat initial data sets that satisfy
the dominant energy condition and have £ = | P|, but do not embed in Minkowski spacetime.
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5. PROBLEM SET

Problem 1. Let (M, g) be a 3-dimensional manifold.

(1) If Ric, > 0, then (M, g) does not contain any closed stable minimal surface (shown
in class).

(2) If Ric, > 0 and X is a closed stable minimal torus, then ¥ is totally geodesic,
Ric,(v,v) = 0 along ¥, and ¥ is a flat torus.

In the next problem, we will prove the following theorem originally due to Cai and Gal-
loway: If (M?, g) is a 3-manifold with R, > 0 and ¥ is a torus that is locally area-minimizing
in M, then M is flat in a neighborhood of .

Problem 2. Let (M, g) be a 3-dimensional manifold with R, > 0. Let ¥ be a stable minimal
torus.

(1) Show that ¥ is totally geodesic, Ricy(v,v) = 0, and the induced metric on X is flat.
(2) Consider the map ¥ : C**(X) x R — C%*(X) x R defined by

U(u, a) = (Hg(u) a, /E u)

where ¥(u) = exp(ur) denotes the normal graph on . Show that WU is local dif-
feomorphism at (u,a) = (0,0). (Hint: show the linearization of ¥ at (0,0) is an
isomorphism and apply the Inverse Function Theorem.)

(3) Let (u(t),a(t)) solve W(u(t),a(t)) = (0,t). Show that a'(0) = 0, and «'(0) > 0. In
particular, u(t) is strictly increasing in ¢ for all |¢| small, and thus 3(u(t)) forms a
foliation of constant mean curvature tori near .

(4) Assume ¥ is locally area minimizing, i.e. ¥ has area less or equal to that of all nearby
surfaces. Show that a(t) = 0 for [¢| small and each {¥;} is locally area minimiziing.
Then show (M, g) splits as (—¢, €) x 3 with the metric dt*+4 g5, where g, is the induced
metric on X.

Problem 3. Consider the linear elliptic operator Lu := —Awu+ qu on a manifold €2, possibly
with nonempty boundary. Then the first eigenvalue as defined by Definition 1.6 is given by
the Rayleigh quotient:

A\ = inf {/(|Vu\2 +qu)dp : ||ul|z2 = 1, ulpq = O} :
Problem 4. Suppose (M?, g) has R, > 2. Let ¥ be a closed stable minimal surface.

(1) Each component of ¥ has area < 4.
(2) If ¥ has area 4, then ¥ is totally geodesic, R = 2 and Ric(v,v) = 0 along 3, and
with the induced metric is isometric to a round sphere of radius 1.
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Problem 5. Let (M, g) be an n-dimensional asymptotically flat manifold. If g = = g for
some u > 0 satisfying u(z) = 1+ Oy(|z|*™™), then

_ 2 :
(9) m(g) =m(g) — =Dy lim 5 v(u) do

where v = 7 is the outward unit normal to S, with respect to gg. Use the formula (9) to

verify that the Schwarzschild metric g,, has ADM mass m.

Problem 6. Suppose g is a rotationally symmetric metric on [a, 00) x S"~! in the sense that
Lo, 202
g = dr® 4+ r*dQ”.
f(r)
where d2? is the standard unit sphere metric on S~ 1.

(1) Compute the second fundamental form and mean curvature of the r-level set.
(2) Show the scalar curvature of g is given by
n—1

Ry =—5=((n=2)(L = f(r)) =rf'(r)).

Hint: One way is to use the second variational formula of the volume of the r-level
set.)

Problem 7 (Birkhoff’s theorem). Using Problem 6, show that the only rotationally sym-
metric metric with zero scalar curvature defined on [a,00) x S"! is given by

Lo 202
g= dr® 4 r=dS2
f(r)
where f(r) = 1 — 2% By changing of coordinates, the metric can be rewritten as the

_4

Schwarzschild metric g, = (1 + L) " gg given in Example 2.1.

2|z|n—2

4
Problem 8. Consider the 3-dimensional Schwarzschild metric g,, = <1 + %) JE.

(1) Find the area A(r) of S, = {z : |z| = r} in the metric g,,. For m > 0, show that A(r)
has a global minimum at X := {r = %}.

(2) For m > 0, show that r — ’Z—: induces an isometry of g, fixing .

(3) When m < 0, show that A(r) — 0 as r — —%. Also show that a radial geodesic from
r=ry > —% tor = —=% has finite length. Show that the Schwarzschild metric with
m < 0 cannot be completed by adding in a point.

In next three problems, we break down the proof of the rigidity of the positive mass
theorem into the following problems.

Theorem 5.1. Let (M, g) be asymptotically flat with R, > 0. If m(g) = 0, then (M, g) is
isometric to (R", gg).
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In the first problem, we will show that R, = 0.

Problem 9. Let (M, g) be asymptotically flat with m(g) = 0. Suppose R, > 0 everywhere
and R, > 0 somewhere.
(1) Show that there is a scalar function v > 0 with v — 1 as |z| — oo solving 8A,u —
Ryu = 0.
(2) Define g := uﬁg. Show that R, = 0 and use Problem 5 to show that m(g) < 0.

In the next problem, we will show that Ricy, = 0.

Problem 10. Let (M, g) be asymptotically flat with m(g) = 0. Suppose R, = 0. Let h be a
compactly supported, symmetric (0, 2)-tensor. Consider the family of metrics ¢g(t) = g + th.

(1) Show that for |¢| small, there exists a unique solution w; > 0 with ug =1 and u; — 1
as |x| — oo such that

—Ag(t)ut + C(n)Rg(t)Ut = 0
Consequently, the metric §(t) = u}g(t) has zero scalar curvature with §(0) = g.
(2) Using Problem 5, show that the ADM mass of §(t) satisfies
1
i) =m(g) — ———— | Rypusd
m(a(0) = mlo) = g [ R

and thus |

d
—|  m(g(t :—/Ric-hdv.
dt|,_, (9(1)) 2n — Dwn_1 Sy 7
(3) Using positivity of the ADM mass, show that g has zero Ricci curvature.

Problem 11. Let (M, g) be an n-dimensional asymptotically flat manifold with Ric, = 0.
Show that M must diffeomorphic to R™ and (M, g) must be isometric to the Euclidean space.
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